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An Elementary Solution
for a Difficult Motion

Problem

Daniel A. Martinez and Santiago L. Queiro, Universidad de Buenos Aires, Argentina

Essentially geometrical arguments are
applied to solve a seemingly unsolvable
problem.

Formulation of the problem
A wet umbrella rotates with an angular velocity ®
with its axis parallel to the ground.

a) Draw the trajectories followed by three arbitrary
drops that escape from the rim of the umbrella.

b) From which point of the umbrella’s rim must a
drop be ejected to have a maximum horizontal
range?

¢) From which point of the umbrella’s rim must a
drop be ejected to reach the maximum height?

This problem is one of the exercises from the final
chapter of the introductory noncalculus-based book!
on mechanics used since 1991 in the CBC of Buenos
Aires University. Part a) of the exercise was proposed
to detect false concepts in trajectories. Parts b) and ¢)
are indicated as difficult ones and only a qualitative
answer is required from students.

At first glance, many students (and teachers) sug-
gest that a drop detached from the rim forming a 45°
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Fig. 1. The circle represents a rotating umbrella with its
axis horizontally fixed at a height yy from the ground.
A drop is ejected with velocity |70 from a point P on the
umbrella’s rim and reaches the floor at X. Where must P
be to get the maximum range?

Equations of Motion in a Cartesian
Coordinate System

Suppose that the umbrella is represented by a circle
of radius 4, and its axis is horizontally fixed at a height
o from the ground. Let us consider a drop ejected
with velocity 7 from a point P on the umbrella’s rim
as shown in Fig. 1. The components of the drop’s po-
sition vector in the Cartesian coordinate system of

angle to the vertical axis will reach the furthest point Fig. 1 are:
on the horizontal, but a careful analysis shows that a
drop ejected from a higher point will reach further be- x(#, 0) = acos 0+ vysin O« (1)
cause it starts closer to the axis.
), 0) = asin 60—y cos Ot—%gtz. ()
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Equations (1) and (2) can be written in a condensed
form using the expression for the position vector:

> — —> 1‘,
r(t)=70+vot+zgt2 (3)
T A .o

with 7o = acos 0z +asin0].

Maximum Horizontal Range

Maximizing the horizontal range x implies the use
of advanced mathematical tools such as Lagrange’s
multipliers, since variables 6 and 7 are entangled in
both Egs. (1) and (2). This method far exceeds the ba-
sic math background needed for the course. However,
for fixed values of parameters y , 4, v, and gt is pos-
sible to calculate the angle 6 that maximizes the hori-
zontal range using geometrical arguments.

For simplicity we shall consider the following two
cases separately:

Case A) The drop is thrown to the right with
an angle 6.

Case B) The drop is thrown to the left with an angle
0%, Fig. 2.

Case A)

A useful vector-addition diagram representing Eq.
(3) is shown in Fig. 3. This construction is similar to
that employed in many introductory level physics
books.? Particle motion can be analyzed by consider-
ing a displacement PQ with constant velocity v, fol-
lowed by a vertical fall QR with acceleration g'. Figure
4 shows that OQ is the common hypotenuse of the two
right-angle triangles ORQ and OPQ. Then the follow-
ing relation stands for the lengths of the other sides:

a?+ ol = x2+%g2t4—gy0t2+y02. (4)

From Eq. (4) an expression for x? in function of
time can be obtained:

20 =~ g4+ (o gy + (@ 3D ()

It can be seen that x? is a quadratic function in 72
with a maximum value for:3

V2(ui + g 30
g

5 20w+ g

W = gz (6) or fy =

7)
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Fig. 2. Trajectories followed by two drops thrown with
polar angles 6 and 6*, reaching the farthest points to
the right and to the left.
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Fig. 3. Vector-addition diagram representing Eq. (3).

Maximum range is obtained by substituting Eq. (6)

in Eq. (5):

. \/1104 + 208 gy + g7 a®
4

where the plus sign in Eq. (8) gives the maximum
horizontal range to the right of the umbrella and the

Xu = , (8)

minus sign the corresponding value to the left.

From triangles ORQ and OPQ of Fig. 4, and the
expressions of 7 and Xy, given by Egs. (7) and (8), the
following relations for the angles a and 8 can be ob-
tained:

v 2
0 } ©)

« = atan
[\/V04 + 21/02 2 + g2 a*
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Fig. 4. Right angle triangles ORQ and OPQ with a com-
mon hypotenuse 0Q. Maximum range to the right is
obtained maximizing side x.

Q

Fig. 5. Right angle triangles ORQ and OPQ with a com-
mon hypotenuse 0Q. Maximum range to the left is
obtained maximizing side x.
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From Fig. 4 the angle for maximum range to the

B = atan[

right is then:
0=a+f. (11)

Case B)

Figure 5 shows the corresponding triangles ORQ
and OPQ for a drop ejected to the left. The value of
the angles @ and 3 are given by expressions (9) and
(10) again, since the magnitude of the maximum
range to both sides is the same as can be seen from Eq.
(8). Angles 0", a, and 3 are related in this case by:
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0" = B—a+. (12)

For typical values of g = 9.8 m/s?, 5 = 1 m,
a = 0.5 m, and vy = 5 m/s, one obtains:
Xy == 3.44m, 0 =120°% and 0% =227°.

We leave the reader to prove that the angle from
which a drop leaves the rim reaching the maximum

height is given by:
a T
Ot max = arcsin(—%) for 6y ey = — and v = ag.
vy 2
™
eHma.x= ? for 1/02 <ﬂg
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