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A STUDY OF ORTHOGONALITY OF BOUNDED LINEAR
OPERATORS

TAMARA BOTTAZZI!, CRISTIAN CONDE?3 AND DEBMALYA SAIN*

ABSTRACT. We study Birkhoff-James orthogonality and isosceles orthogonality of
bounded linear operators between Hilbert spaces and Banach spaces. We explore
Birkhoff-James orthogonality of bounded linear operators in light of a new notion in-
troduced by us and also discuss some of the possible applications in this regard. We
also study isosceles orthogonality of bounded (positive) linear operators on a Hilbert
space and some of the related properties, including that of operators having disjoint
support. We further explore the relations between Birkhoff-James orthogonality and
isosceles orthogonality in a general Banach space. Birkhoff-James orthogonality and
isosceles orthogonality and norm attainment set and disjoint support [2010]Primary:
47A63, 51F20. Secondary: 47L05, 47A30.

1. INTRODUCTION AND PRELIMINARIES

The primary purpose of the present paper is to explore orthogonality of bounded linear
operators between Hilbert spaces and Banach spaces. Unlike the Hilbert space case,
there is no universal notion of orthogonality in a Banach space. However, it is possible
to have several notions of orthogonality in such space, each of which generalizes some
particular aspect of Hilbert space orthogonality. Indeed, one of the root causes of the
vast differences between the geometries of Hilbert spaces and Banach spaces is the lack
of a standard orthogonality notion in the later case. On the other hand, this makes the
study of orthogonality of bounded linear operators an interesting and deeply rewarding
area of research. Motivated by this, several authors have explored orthogonality of
bounded linear operators in recent times [1], [4], [6], [7], [9], [10], [18], [19], [20], [21],
[23], [24], [25], [27], [28] and [29], and have obtained many interesting results involving
the geometry of operator spaces. In this paper, among other things, we extend, improve
and generalize some of the earlier results on orthogonality of bounded linear operators.
Without further ado, let us first establish our notations and terminologies to be used
throughout the paper.
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Letters X,Y denote Banach spaces, over the field K € {R,C}. Let Bx = {z € X:
|z|]] < 1} and Sx = {# € X : ||z|| = 1} be the unit ball and the unit sphere of X
respectively. Let B(X,Y) and K(X,Y) denote the Banach space of all bounded linear
operators and compact operators from X to Y respectively, endowed with the usual
operator norm. We write B(X,Y) = B(X) and K(X,Y) = £(X) if X =Y. The symbol
Ix stands for the identity operator on X. We omit the suffix in case there is no confusion.
We reserve the symbol H for a Hilbert space over the field K. Throughout the paper, we
consider only separable Hilbert spaces. In this paper, mostly in the context of bounded
linear operators, we discuss three of the most important orthogonality types in a Banach
space, namely, Birkhoff-James orthogonality [8] and [13], isosceles orthogonality [12] and
Roberts orthogonality [22].

Let us first state the relevant definitions, in the more general setting of a normed

space X over K.

Definition 1.1. For any two elements x,y € X, we say that x is Birkhoff-James or-
thogonal to y, written as x L y, if for all A € K, the following holds:

]l < flr + Ayl (1.1)

Definition 1.2. For any two elements x,y € X and K = R, we say that x is isosceles

orthogonal to y, written as x L y, if the following holds:
Iz +yll = llz =yl (1.2)

In complex normed spaces, we consider the following orthogonality relation

T+ =|lx —

oy ] Tetvl=la= )
[l + iyl = [l — dyl]

Definition 1.3. For any two elements x,y € X, we say that x is Roberts orthogonal to

y, written as x L g y, if for all A € K, the following holds:
2+ Ayl = llz = Ayl]. (1.4)

It is easy to see that Roberts orthogonality implies Birkhoff-James orthogonality but
the converse is not necessarily true.

In order to have a better description of Birkhoff-James orthogonality of bounded
linear operators between Banach spaces, we introduce the following notation for any
T,AeBXY):

Ora={veSx:Tr Lp Ax}.



A STUDY OF ORTHOGONALITY OF BOUNDED LINEAR OPERATORS 3

Given T € B(X,Y), define the norm attainment set of 7" as
My =A{x € Sx: [[Tx] =T}

As observed in [6], [21], [23], [24] and [26], the structure of the norm attainment set of
a bounded linear operator is of central importance in studying Birkhoff-James orthogo-
nality and smoothness of the said operator. On the other hand, it was illustrated in [1§]
that the notion of the norm attainment set of a bounded linear operator is deeply related
to the geometry of the space of bounded linear operators between Banach spaces. In the
context of T' € B(H), the corresponding norm attainment set Mr was completely char-
acterized in [24]. We would like to remark that Birkhoff-James orthogonality of bounded
linear operators on a finite-dimensional Hilbert space H was completely characterized
by Bhatia and Semrl in [6]:

FOTT,A € B(H), T1lg A<= OT7AﬁMT 7é 0.

This motivates us to explore the structure of Op 4, for two given operators T, A €
B(X,Y). In order to study the properties of the set Or 4, in the context of a real

Banach space, we require the following notions introduced in [23].

Definition 1.4. Let X be a real normed space. Let x,y € X. We say that y € a7 if
|z + Ay|| > ||z|| for all A > 0. Accordingly, we say that y € 2~ if ||z + Ay|| > ||z|| for all
A<0.

In this context we would like to remark that while studying orthogonality of bounded
linear operators, Bhattacharyya and Grover [4] also considered the following weaker no-
tion of orthogonality. Let X be a real or complex normed space and let z,y € X. We
say that x is r-orthogonal to y, denoted by x Ly, if ||z + Ay|| > ||z| for all A € R. Of
course, it is trivial to observe that in case X is real, x L,y if and only if y € =* and

yex .

The notion of Birkhoff-James orthogonality is intimately connected with the notion of
smoothness in Banach spaces. A non-zero element x € X is said to be a smooth point if
there exists a unique norm one functional f € X* such that f(x) = ||z||. We would like
to note that the study of smoothness in the space of bounded linear operators between
Banach spaces is an active area of interest, and we refer the readers to [19], [21] and
[26].

For A € B(H), we use the notations A*, R(A), N(A), to denote the adjoint, the
range and the kernel of A respectively. If A, B are self-adjoint elements of B(H), we
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write A < B whenever (Az, ) < (Bz,z) for all z € H. An element A € B(#) such that
A > 0 is called positive. For every A > 0, there exists a unique positive A2 € B(H)
such that A = (AY?)2. For any B C B(H), BT denotes the subset of all positive
operators of B.

For any T € B(H), we can write T = Re(T) + iIm(T), where Re(T) = £ and
Im(T) = ng.T* are self-adjoint operators. This is the so called Cartesian decomposition
of T'.

Let us recall that if M C H is a closed subspace of ‘H, then Pj; denotes the orthogonal
projection onto M of H.

For any compact operator A € K(H), let s;(A), s2(A),--- be the singular values of
A, i.e., the eigenvalues of the “absolute value-norm” |A| = (A*A)2 of A, in decreasing
order and repeated according to multiplicity.

The notion of unitarily invariant norm (UIN) can be defined for operators on Hilbert
spaces as a norm |||.||| that satisfies the invariance property |[[UXV||| = ||| X|||, for any
pair of unitary operators U,V € B(H). Recall that each UIN is defined on a natural
subclass J C IC(H), called the norm ideal associated with the norm |||.|||.

If Ae KC(H) and p > 0, let

Al = (Z sz-(A)p)p — (wr|Ap)} (15)

i=1
where tr is the usual trace functional, i.e. tr(A) = > 77 (Aej,e;), and {e;}32; is an
orthonormal basis of H. Equality (L.5)) defines a norm (quasi-norm) on the ideal B,(H) =
{A e K(H) : [|A]|, < oo} for 1 <p < oo (0 <p<1),called the p-Schatten class.

The study of orthogonality of bounded linear operators is also related to the following

notion of operators having disjoint support.

Definition 1.5. Let H be a real or complex Hilbert space. Two operators A, B € B(H)
have disjoint support if and only if AB* = B*A = 0.

We would like to remark that the above definition is not the original one introduced
by Arazy in [3], but nevertheless it was proved by Lioudaki in Proposition 2.1.8 of [17]
that both notions are equivalent in B,(#). We also refer the readers to [14] for a related

notion of algebraic orthogonality in the setting of C*—algebras.

2. BRIEF OUTLINE OF THE PAPER

The main results of this paper are demarcated into three sections. In Section 3, we

exclusively study Birkhoff-James orthogonality of bounded linear operators between
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Hilbert spaces and Banach spaces. As mentioned in Remark 3.1 of [6], the finite-
dimensional Bhatia-Semr] theorem can be extended to the setting of infinite-dimensional
Hilbert spaces by considering norming sequences for a bounded linear operator, instead
of norm attaining vectors corresponding to the said operator. However, we show that
even in case of bounded linear operators between infinite-dimensional Banach spaces,
it is possible to extend the the finite-dimensional Bhatia-Semrl theorem verbatim, un-
der certain additional assumptions. Let us mention here that our observations in this
context can be regarded as an extension of Theorem 3.1 and Theorem 4.1 of [2§],
where only the real case was considered. We also explore the properties of the set
Ora={x e Sx:Tx Lg Az}, for any T, A € B(X,Y) and obtain a characterization for
a Hilbert space to be finite-dimensional in terms of this newly introduced notion. The
study of Or 4 may be regarded as complementary to the study of My done in [21], [23],
[25] and [26]. In Section 4, we focus on orthogonality of bounded linear operators and
positive operators on a Hilbert space. We give a complete characterization for isosceles
orthogonality of two positive bounded linear operators. In Section 5, we discuss some
relations between the two orthogonality types, Birkhoff-James orthogonality and isosce-
les orthogonality. Our results in this section are valid in the context of any normed
space and not just for operators between Banach spaces. We end the present paper
by giving examples in the space of bounded linear operators to illustrate that Roberts
orthogonality is much stronger (and therefore, restrictive) than either of Birkhoff-James

orthogonality and isosceles orthogonality.

3. BIRKHOFF-JAMES ORTHOGONALITY OF BOUNDED LINEAR OPERATORS

We begin this section by obtaining a verbatim extension of the finite-dimensional
Bhatia-Semrl theorem to the infinite-dimensional setting, with an additional assumption
on the norm attainment set of one of the operators. We would like to remark that such
an extension was obtained by Wéjcik in [28], in the context of real Banach spaces, with
additional geometric assumptions of strict convexity and smoothness on the range space.

However, we cover the cases of both real and complex Banach spaces.

Theorem 3.1. Let X and Y be Banach spaces, either both real, or, both complex. Let
X be reflexive. Let T A € K(X,Y) be such that My = {£xo} in the real case and
My = {e®xy:0 € [0,27)} in the complex case, where o € Sx. Then T LA if and only
if Or.a N My # 0.

Proof. The sufficient part of the theorem is trivially true. Let us prove only the necessary

part. We will give the proof only for the complex case. The real case can be treated
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similarly, by applying Theorem 2.1 of [26]. Since X is reflexive, T, A € K(X,Y), and
T1gA, it follows from Theorem 2.3 of [20] that given any o« € U = { € C : |B] =
l,arg 5 € [0,7)}, there exist © = z(a), y = y(«) € My such that Az € (Tz)f = {z €
X ||[Tz + Az|| > ||Tx|| VA = ta,t > 0} and Ay € (Ty), = {z € X : [Ty + Xz >
|Ty|| VA = ta,t < 0}. Since My = {e?zy : 0 € [0,27)}, we have that z = €'z and
y = e%xq, for some 6,0, € [0,27). From this, using the linearity of T, it is easy to
deduce that TxgLpAzy. In particular, it follows that Or 4 N My # 0. This completes
the proof of the necessary part of the theorem and establishes it completely. O

Let us now study the set Or 4, when T, A € B(X,Y) are given. As an immediate
application of the set Or 4, in the following proposition, we obtain an easy sufficient
condition for Birkhoff-James orthogonality of two bounded linear operators T', A in terms
of the set Or 4. The proof of the proposition is omitted as it is rather trivial. We would
like to note that the following proposition implies that unless 71z A, Or 4 cannot be
the whole of Sx.

Proposition 3.2. Let X, Y be any two Banach spaces, either both real, or, both complex.
Let T, A€ B(X, Y) If OT,A = Sx then T 1LgA.

On the other hand, in somewhat opposite direction to the above result, we next obtain
a necessary condition for Birkhoff-James orthogonality of two compact linear operators
T,A e KX,Y), in terms of the set Or 4, when X is a reflexive real Banach space and
Y is any real Banach space. We would like to remark that the following theorem is
motivated by Theorem 2.1 of [25], with suitable modifications. Therefore, for the sake
of brevity, we make use of some of the arguments used in the proof of Theorem 2.1 of
[25].

Theorem 3.3. Let X be a reflexive real Banach space and Y be any real Banach space.
Let T, A € K(X,Y). If TLgA then Or.a # 0.

Proof. If possible, suppose that Or 4 = (). Therefore, it follows that given any x € Sk,
there exists A, # 0 such that | Tz + A\, Az|| < ||Tz||. Let us consider the following two
sets:

Vi={z€Sx : ||[Tz+ MNAz|| < ||Tz| for some A > 0},

Vo={z€ Sx : ||[Tz+ MNAz|| < ||Tz|| for some XA < 0}.
It is easy to check that both V} and V, are open subsets of Sx. Applying the convexity of

norm, it is also easy to check that V; NV = (). Moreover, it follows from our assumption
of Or 4 = () that Sx = V4 U V4. Since Sx is connected, it follows that either V; = @) or
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Vo = (0. Now, we will arrive at a contradiction in each of these two cases to complete
the proof of the theorem. Since T, A € K(X,Y) and T LA, it follows from Theorem
2.1 of [26] that there exists z,y € My such that Az € (Tx)" and Ay € (Ty)~. We note
that for any z € Sx, z € Or 4 if and only if Az € (T'2)" and Az € (T'2)~. Since we have
assumed that O 4 = 0, we must have, x € V, and y € V;. This proves that V; # () and
V, # (). This contradiction completes the proof of the theorem. O

As another application of the set Op 4, we show that it is possible to characterize

whether a given Hilbert space is finite-dimensional, using this concept.

Theorem 3.4. A real or complex Hilbert space H is finite-dimensional if and only if
for any T, A € B(H), we have, T LgA = Or 4 # 0.

Proof. We would like to note that the necessary part of the theorem follows directly
from the Bhatia-Semr] theorem. Let us prove the sufficient part. If possible, suppose
that H is infinite-dimensional. It follows that there exists a countable orthonormal basis
{e, : n € N} of H. Define linear operators 7" and A in B(#) in the following way:

Te, = %el, Te, = (1— %)en for all n > 2 and Ae,, = %en. An easy computation reveals

that the following are true:
@) TN = [lAll =1, (i4) TLpA, and (iit) Opa = 0.

However, this contradicts our assumption that 71 A = Or 4 # (). This completes
the proof of the theorem. O

Remark 3.5. Characterization of inner product spaces among normed spaces is a clas-
sical problem in functional analysis. We refer the readers to the excellent book [2]
for more information in this regard. In recent times, in connection with the Bhatia-
Semrl theorem, Benitez, Ferndndez and Soriano [7] have obtained a characterization of
finite-dimensional real Hilbert spaces among real Banach spaces. The above theorem is

motivated in the same spirit, and it is valid for both real and complex Banach spaces.

From Theorem 2.2 of Sain and Paul [25], it follows that in case of T € B(H), where H
is a real or complex Hilbert space, the corresponding norm attainment set My is either
empty or it is the unit sphere of some subspace of H. Motivated by this result, it is

natural to pose the following problem:

For which operators T, A € B(H), it is true that Or .4 is the unit sphere of some
subspace of H?
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In the next proposition, we give a sufficient condition for 7', A € B(H) to be such that

Or 4 is the unit sphere of some subspace of H.

Proposition 3.6. Let H be a real or complex Hilbert space. Let us consider the following

set:
I'={(T,A) € B(H) x B(H) : (T'x1, Axs) + (T'xo, Az1) =0
Zf <T.ZL’1, Al'l) = <T.ZL’2, ALEQ) = O}

Then for any (T, A) € T, either Opa = 0 or Or.a = Sy, where M is a subspace of
H.

Proof. 1t is enough to prove that if xi,xs satisfy (Txy, Axy) = (T'zy, Azy) = 0 then
(T'(x1 + @), A(xy + 22)) = 0 and (T'Axy, A\x;) = 0 for all A € C. We observe that the
second condition is trivially true. On the other hand, the first condition holds true since
by the hypothesis, we have,

(T(z1 + 22), A(x1 4+ 29)) = ((T'x1, A1) + (Txa, Axo)) + ((Taq, Axa) + (T'x9, Azy)) = 0.
This completes the proof of the proposition. O

Remark 3.7. It is trivial that if 7, A € B(H) have disjoint support then (7, A) € T.
However, it is interesting to note that I' contains pairs of operators that do not have
disjoint support. Let M, N be finite-dimensional subspaces of H such that M C N. We
consider Py, and Py to be the orthogonal projections on M and N respectively. By the
hypothesis, we have that Py;Py = PyPy = Pyr. Let us choose 0 # x € M+ N N with
||| = 1. It is easy to see that Py L g Py, since x € Mp, and (Pyx, Pyx) = (Pyx,x) = 0.
On the other hand, 0 = (Pyy, Pyy) = (Puy,y) = ||Pyyl|? if and only if y € M*.
Let 21,79 € M*, then (Pyx1, Pyxo) + (Pyao, Pyxy) = (Pyay, 20) + (Pyag, 21) = 0.

Therefore, we have proved that the following three statements hold true:

(i) (Pn, Py) €T (i7) Py LpPy and (iii) Py, Py do not have disjoint support.

4. ORTHOGONALITY IN B(H)

We begin this section by proving that in the context of bounded linear operators on a
Hilbert space, disjoint support implies both Birkhoff-James orthogonality and isosceles
orthogonality.

Proposition 4.1. Let A, B € B(H), where H is a real or complex Hilbert space, such
that B*A =0 , then the following holds:

(1) AJ_BB and BJ_BA
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(2) A Lr B and in particular, AL;B.
Proof. (1) Consider h € Sy. Then for any A € K
1A+ AB)R|* = | ARI* + [[ABR* + 2| A["Re (B*Ah, h) = [|AR||* + | ABR]I?,

where Re(z) denotes the usual real part of z € K. Therefore, ||A + AB|* >
|(A+ AB)h||* > ||Ah|)? for all h € Sy, which implies that ||A + AB|| > ||A|| for
any A € K. Interchanging the roles of A and B, we can obtain in a similar way
that BLgA.

(2) If A, B € B(H) satisfy B*A = 0, then for any A € K, we have,

IA + AB|12 = sup{[|(A + AB)R||2: h € Sy}

(4.1)
= sup{||Ah|]* + |ABR||*: h € Sy} =|A—\B|?>

This completes the proof of the second part of the proposition and establishes it
completely. U

Remark 4.2. (1) In particular, it follows from our previous result that for operators
having disjoint support, Birkhoff-James orthogonality relation is symmetric.

(2) From inequality (41]), we can conclude that if R(A) and R(B) are orthogonal
sets then they are Roberts orthogonal operators. We will prove that a similar
result holds when we consider any ||| - ||| UIN.

Let A, B € J, where J denotes the norm ideal associated with the norm, such
that B*A = 0. It follows that |B + AA| = |B — AA| for all A € K and therefore
it turns out that s;(B + AA) = s;(B — AA) for any j € N and |||B + M||| =
1B = AA]l]

However, not every pair of operators A, B € B(H), such that ALgB or AL;B, have

disjoint support. This idea can be illustrated in the next example.
Example 4.3. (1) Finite dimensional case: Let H be the two-dimensional real
4 0 0 0
Hilbert space. We consider Let A = (O 3) and B = (0 1). Then,

(a) |A+ B||=||A— B| =4 and

0 0

0 3)’

which implies that A, B do not have disjoint support.

(b) A*B =

(2) Infinite dimensional case: Let {e,},en be an orthonormal basis for H a complex
Hilbert space. Define operators A, B : H — H such that

Ae, = \pe, and Bey =0, Be, = \epiq1 VY n > 2,
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with A\, € C and |\,| = 1. Observe that ||Az| = ||z|| for all z € H.
Since ||Aey|| = |les|| = 1 = ||A|| and Be; = 0, it follows that ALpB. On the

other hand, A and B do not have disjoint support, since
A*Ben = A*()\nen+1) = )\n(A*en+1) = )\n)\n+1€n+1 7£ 0.
Hereafter, unless otherwise mentioned, we consider H to be a real Hilbert space.

Theorem 4.4. Let A, B € B(H) and suppose that there exists hy, ko € H such that
ho € Ma,g and kg € Ms_g. Then the following assertions are true.

(1) If (Ahg, Bho) < 0 and (Akgy, Bko) > 0, then AL;B.

(2) If AL;B then (Ahg, Bho) > 0 and (Aky, Bkg) < 0.

Proof. (1) Assume that all the conditions of the statement are satisfied. Let f, g :
H — R be given by

~

(h) = [(A+ B)h|* = | Ah|* + || Bh||* 4+ 2 (Ah, Bh) and
g(h) = (A= B)h|* = | AR|* + || BL||* — 2 (Ah, Bh). (4.2)
Then, f(h) — g(h) = 4 (Ah, Bh) . Suppose that

g(k) = 1A — BI? < A+ BJ* = £(ho) = g(ho) < g(ko) < £(ho).
Thus, 0 < f(ho) — g(ho) = 4(Ahg, Bhg), which is a contradiction. Hence,
g(ko) > f(ho). Analogously, it can be proved that f(hg) > g(ko). Finally,

IA+ BII* = f(ho) = g(ko) = IA - BJI*,

which implies A1 ;B.
(2) We only prove the first inequality, the other can be obtained with a similar

argument. By the real polarization formula we get

(Aho, Bho) = Z[II(A+ B)hol* — I(A = B)ho|*] > Z[I|A+ BI* — [|A — B|I*] = 0.

R
| =

Remark 4.5. Suppose that in Theorem 4.4} hy and kg also satisfy
<Ah0, Bh0> == <Al€0, Bk’o) == O

Then, there exists h; € Sy such that ||(A+ B)hy|| = ||[(A — B)hq||.

It can be easily proved using polarization formula and hypothesis,

0= (Aho, Bho) = 7 [I(A+ B)holl? ~ (4 — B)ho|’]
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and this implies ||(A — B)ho|| = ||(A+ B)ho|| = ||(A — B)ko||, where last equality is due
to isosceles orthogonality between A and B previously proved. By a similar argument,
it can be proved that [[(A 4+ B)ko|| = ||(A + B)hol|. The proof is completed by taking
hy € {ho; ko}.

The following result combines Theorem [£.4] and last remark.

Corollary 4.6. Let A, B € B(H) and suppose that there exists hy € Mg N Ma_p
such that (Ahy, Bhy) = 0. Then AL1;B,

IAI* +1BII* < [|A+ BII* + [|A = B|I* < 2 (|AI* + |1B]]?) ,
and if hy ¢ N(A) U N(B) then ||[A+ B||*> =||A — BJ|* = 2.
Proof. 1t was proved in Theorem [£.4] that, under these hypothesis, A1 ;B. Moreover,
|A+ B|I* = [I(A+ B)lu|* = [[Aha|* + | Bha||* < [|A[I* + | B||* and
|A = BI* = [(A = B)lul® = [|A|]® + | Bl |* < | AlI* + | B1*.
Then,
IA+ BII* + |4 = BII* < 2 (JJAI* + 1B]]*)
On the other hand,
IAI* + 1B < 2max(|| A% | B*) < [[A+ B|* + [|A - BP?,
Finally, it is easy to see that
I(A+ B)lu|*|| Bha||* — [ AP |*| Bha||* = [{(A + B)ha, Bha)|* — [(Ahy, Bha)[*.

If we assume that h; ¢ N(A) U N(B), then ||[A+ BJ||> =1 + ||Ah|>. By symmetry we
obtain that ||A + B> =1+ ||Bhi]*.

Now, by the Parallelogram law we get
IA+ B|* + [[A = BII* = [(A+ B)h|* + [[(A = B)lu|* = 2(||[ Al |* + | Bl ||?).
It follows that ||[Bhy|| =1 and ||A + BJ|? = 2. O

The following result is other characterization of isosceles orthogonality of bounded

linear operators in finite-dimensional real Hilbert spaces, with an additional condition.

Theorem 4.7. Let H be a finite-dimensional real Hilbert space with dim(H) = n and
A, B € B(H). Suppose that Mayp = Sy,, Ma_p = Sn,, and dim(H,) + dim(Hs) > n.

Then, the following statements are equivalent:

(1) AL;B.
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(2) There exists xg € Mayp N Ma_p such that (Axy, Bxg) =0

Proof. Suppose that statement (1) holds. Since dim(#;) + dim(#Hz) > n, there exists
0 # x1 € Hi N Hy. Consider zp = 2, then xg € M4, N M4_p. Also, by hypothesis

[ERK

and real polarization formula
1 1
(Awo, Buo) = 7 (I(A + B)aol” = I(A = B)ao|*) = 7 (I4+ BI” = |4 = B*) = 0.
Conversely, the other implication is a consequence of Corollary [L.6l O

Remark 4.8. If H is a complex Hilbert space, isosceles orthogonality must be defined
as in (L3) and the previous statements can be generalized to this context with proofs
which are essentially the same as the real case. For example, in case of a complex Hilbert
space H, Theorem [4.7] can be stated in the following way:

Let A, B € B(H) with dim(H) = n. Suppose that there exist Wy, Wh, H;, Ha sub-
spaces of H such that

MA+B = SH1> Mus_pg = SHz and dlm(%l) + dlm(Hg) >n,
Mayip = SWU My _ip = SW2 and dlIIl(W1) + dlfﬂ(WQ) > n.

Then, the following statement are equivalent:

(1) AL,B.

(2) There exist { ho € Mayg N Ma_p such that Re (Ahgy, Bhgy) = 0,
0.

ko € MA—i—iB N Ms_;g such that Re <A/€(), Bk’o) =

In the cone of positive operators between Hilbert spaces, as in a real normed space,
we use isosceles orthogonality notion as in ([2)). Kittaneh proved in [16], that if A, B €
B(H)™", then

max(||A[, || BI)) — |AY*BY?| < ||A - B
< max([|A[l, [ B]]) < A+ Bl (4.3)
< max(||All, [|B])) + [[A2B2]].
The above inequalities are useful in the study of isosceles orthogonality in B(H)". As an

immediate consequence, we deduce that if A, B are positve operators and AY/2B'/2 = (,
then Al ;B.

Proposition 4.9. Let A, B € B(H)*. Then, the following conditions are equivalent:

(1) AL,B.
(2) |A+ Bl = [|A = B|| = max([|A], | BI)).
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Proof. (1) = (2) Suppose that AL;B. Equation ([A3]) states
|A = Bl < max([|A]l, | B]) < |A+ B

for any A, B € B(H)". The desired result is now immediate.

The converse implication is trivial. O

In order to simplify the exposition, we introduce the following notations. Given
A, B € B(H) we define

woap [ A IBI< 4]
| B it |4 < |5

and

mitpy | B IBI< 4]
| At A< Bl

In the next statement we obtain a characterization for isosceles orthogonality when

A and B are positive operators.

Theorem 4.10. Let A, B € B(H)*t, then AL;B if and only if there exists a sequence
{z,} C Sy such that lim ||M(A, B)x,| = ||A+ B|| and lim Re(BAz,,z,) < 0.
n—oo n—oo

Proof. Let AL;B. By Proposition 4.9 we have ||A + B|| = ||A — B|| = max(||A|], || B]]).

Let {z,} a sequnce of unit vectors in H such that lim ||M (A, B)z,| = ||A+ B]|. Since
n—oo

{(A+ B)x,} is a bounded sequence, it has a convergent sequence and without loss of

generality we assume that
lim [[(A B)xn||2 <A B||2 = lim ||M (A,B)l’nHZ.
n—00 n—00

Thus lim ||m(A, B)z,||*> + 2Re(BAz,,x,) <0 and lim Re(BAz,,z,) <0.
Cor?v_e);ely, by the hypothesis there exists a sequenncz?xn} C Sy such that ||A+ B|| =

lim ||M(A, B)x,| and lim Re(BAx,,x,) < 0. From the first condition we have that

ﬁzoi B|| = max(||4]|, H%—|>|o)o Suppose that A and B are not isosceles orthogonal, this

means that |A — B|| < ||A + B||. Hence, we have
lim [[(A— B)z,|> < ||A—B|* < ||A+ B|*> = lim |M(A, B)x,|
n—oo n—o0

This implies that 0 < lim ||[(A+B)xz,||* < lim 2Re(BAw,, x,), which is a contradiction.
n—00 n—00
Therefore, A1 ;B. O

As a consequence of the previous statement, we have the following characterization of
the isosceles orthogonal condition for elements of B(#)" such that Re(BA) > 0. This

extra condition is well known and it is related with acreetive operator theory. We recall
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that an operator T € B(#H) is called acreetive if in its Cartesian decomposition Re(T")

is positive.

Corollary 4.11. Let A, B € B(H)" and suppose that BA is acreetive, then AL;B if

and only if there exists a sequence {x,} C Sy such that lim ||(A+ B)x,|| = ||A + B]|
n—oo

and lim (BAz,,x,) = 0.

n—o0

Proof. Let AL;B. ByTheorem [£.10, there exists a sequence of unit vectors in H, {x,},
such that lim ||M (A, B)z,| = ||A+ B| and lim Re(BAx,,z,) < 0. It follows from
n—o0 n—oo
IM(A, B)za|* < [[M(A, B)aal* + [m(A, B)z,|* + 2Re(BAzy, x,)
= (A+ B)a|* < |A+ BI,
that lim ||(A+ B)z,| = ||[A+ B||, lim |[[m(A, B)z,|| =0 and lim Re(BAx,,x,) =0.
n—o0 n—oo n—oo
Since |(BAzy,, )| < ||M (A, B)x,||||m(A, B)x,|| we infer that lim (BAz,,z,) = 0.
n—o0
Conversely, by the hypothesis there exists a sequence {x, } C Sy such that lim ||(A+
n—o0
B)z,|| = ||A + BJ| and lim (BAx,,z,) = 0. Suppose that A and B are not isosceles
n—oo
orthogonal, then ||A — B|| < ||A + B||. Hence we have
lim [|[(A— B)z,||> < ||A— B|]* < |A+ B||* = lim ||[(A+ B)z,|*
n—oo n—oo
This implies that 0 < 4 lim Re(BAx,, x,), which is contradiction. Therefore, AL;B.

n— o0
U

Corollary 4.12. Let A, B € B(H)* and suppose that BA is acreetive. If AL;B then
AJ_BB or BJ_BA

Remark 4.13. Let A, B € B(H) such that A, B > 0 (i.e. positive and invertible). We
will prove that A can not be isosceles orthogonal to B. Indeed, suppose that Al;B.
Using formulas (26) and (27) in [16] we have

max(||A[ || BI) + min(|A7H|7% [[B7H ™) < |4+ B
= [|[A = B|| < max([|A]|, [|B]|) — min([ A7, |1B7H ),
= 0 < 2min([A7H7L IB7H ™) <0,

which is a contradiction.
A natural question is whether A and B can be Birkhoff-James orthogonal. Suppose
that AL gB, then for any A\ > 0, we have,

1Al < 1A = AB|| < max(||All, Al B]|) — min([[A™H 75, A[BH ™) < max([|A[l, |l B,
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which is clearly a contradiction. This proves that A is not Birkhoff-James orthogonal
to B.

Next results and comments are related to isosceles orthogonality between positive

operators and projections.
Proposition 4.14. For any P € B(H)", PL;I if and only if P = 0.

Proof. By Proposition 4.9} ||P —I|| = ||P + || = max{1;||P||}. Suppose ||P|| > 1. Then
|P —I|| = ||P + I|| = | P||, which is a contradiction since ||(P + I)z||*> > || Px||? for all
x # 0. On the other hand, if ||P|| < 1 and P # 0, consider x # 0, ||z|| =1 and Px # 0.
Then,

0 < ||Pz+z|* = ||Px|® + 2 (Pz,z) + ||z]|* < 1 = || Pz|* + 2 (Pz,2) = 0
= ||Pz|?* = 2(Px,z) = 0.
This completes the proof. O

From the above, in finite-dimensional context, we deduce if A = UP # 0, with U
unitary and P > 0, then A and U can not be isosceles orthogonal. Moreover, using
Theorem IX.7.2 in [5], we obtain that ||A — U|| < [|[A+ U].

In case of orthogonal projections isosceles orthogonality implies disjoint support, as

we show in the next result.

Proposition 4.15. Let Pg, Pr be orthogonal projections with S # T. Then, Ps Ll Pr if
and only if PsPr = 0. In particular, if PsL;Pr then Ps1gPr and PrlgPs.

Proof. Suppose Ps 1 ;Pr. By equation (4.3]),
|1Pr — Ps|| < max([|Ps], || Prl]) < [[Ps + Prl|.

Then by hypothesis, |Ps — Pr|| = ||Ps + Pr|| = 1. On the other hand, by [15], ||Ps —
Pr|| = 1if and only if Pr and Pg commute and, by [I1], we have PrPs = PsPr = Prqg.
If there exists h € T'N S with h # 0, then ||[(Pr + Ps)h|| = 2||h| and this implies
| Pr+ Ps|| > 2, which is a contradiction. Therefore, "N S = {0} and PgPr = Py = 0.

U

However, it is not true that there exists a equivalence between disjoint support and
Birkhoff-James orthogonality, even in the case of orthogonal projections. For instance,
consider in R? the projections onto the planes z = 0 and = 0, P,_q and P,_, respec-
tively. Clearly, P,—oLlpP,—o but P,—g N Py—o = Py—.=0 # 0, which means they have

not disjoint support.
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5. RELATIONS BETWEEN DIFFERENT TYPES OF ORTHOGONALITY

In this short section we study the relations between Birkhoff-James orthogonality and
isosceles orthogonality. Before proceeding any further, let us mention the following fact
that serves as a motivation behind our exploration in this section.

Bottazzi et. al. studied the equivalence of Birkhoff-James orthogonality and isosceles
orthogonality of positive operators A, B in a p—Schatten ideal in [9]. Indeed, for every
A/ B € B(H)* and 1 < p < 2, they proved that AL B and ALYB are equivalent
notions.

However, it is not difficult to observe that there are many examples in B(H) (and
more generally, in Banach spaces) that show 1 g and L are independent orthogonality
types and none of them imply the other. Our purpose in this section is to establish
relations between these two orthogonality types, in the sense that we determine which
additional conditions may be required to have “1p = 1;” and vice versa. Recall that

X is a real or complex normed space.

Proposition 5.1. Let x,y € X and assume that (x + y) Ly and (x — y)Lpy. Then
I’J_]y

Proof. By the hypothesis, we have, ||z +y|| < ||z +y+ Ay|| V A € K. Taking § =1+ A,
we have, ||z + y|| < ||lx + By||. In particular for 8 = —1, we get ||z + y|| < ||z — y]|.
Analogously, from the hypothesis (z —y) L gy, we obtain ||z —y|| < ||z +yl||. This proves
that x_L;y and completes the proof of the proposition. O

In order to address the converse question, we introduce the concept of strongly isosce-

les orthogonality in real Banach spaces.

Definition 5.2. Let z,y € X. We say that x is strongly isosceles orthogonal to v,
written as x L gy if
(1) zLyy.
(2) there exists a real sequence {\,}nen, with A, > 0, such that lim A\, = 0 and
n—o0
xliAy for all n € N.

In view of the above definition, we obtain the following statement.

Theorem 5.3. Let z,y € X. Then xLgry tmplies x L5y and in particular if X is a

real normed space then sy implies x 1 gy.

Proof. By Theorem 4.1 of [12], it follows that ||z|| < [z + Ay|| for A € R, |A] > 1.

Therefore, we only have to prove the Birkhoff-James orthogonality condition for || < 1.
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Let Ao € R such that |\g] < 1. By the hypothesis, there exists ng € N such that
0 < Any < |Xo| and 2L Apy. Then, B = 2L satisfies |3 > 1 and, by the cited result
7LO
of James [12], we get ||z] < ||z + BAnyl|, since |B] > 1 and L\, y. However, this is

clearly equivalent to the following:

Ao
ol < o+ 22| = o + Xl
no
This completes the proof of the proposition. O

Remark 5.4. Using the convexity of the norm function, it is possible to show that
only condition (ii) in the definition of strongly isosceles orthogonality is sufficient to
ensure Birkhoff-James orthogonality of the corresponding elements. However, we include
condition (i) in the definition of strongly isosceles orthogonality because we are trying
to address the question that asks Isosceles orthogonality, along with which additional

conditions, implies Birkhoff-James orthogonality.

We have already discussed that Roberts orthogonality is stronger and more restrictive
than either of Birkhoff-James orthogonality and isosceles orthogonality. Moreover, it is
obvious that A1 zB = Alg;B. In the next two examples we show that the converse of
this statement is not necessarily true. We deliberately give the examples using different

norms on B(H), to make them more illustrative.

Example 5.5. Let H be the two-dimensional real Hilbert space. Consider the Banach
space B(H), endowed with the usual uniform norm. Let A and B matrices considered
in Example .3]item (1). Then,

(1) [[A+ B[ =[A-B| =4

(2) Let {\,}nen be a sequence such that A\, € (0,1) and A\, — 0. We have,
4 0

A+ \,B =
0 3+,

) = ||A+ N\, B| =4.
On the other hand,
0 3—X\,

Conditions (1) and (2) together imply that Al ¢;B.

(3) However, if we consider A = 5, we have

40
A—)\nB:< >:>||A—)\HB||:4.

0
2) = ||A - 5B| =4.

4 0 4
A+5B:<0 8>:>HA+5B||:8 and A — 5B = (O

Therefore, A is not Roberts orthogonal to B.
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Example 5.6. Let H be the two-dimensional real Hilbert space. Consider the Banach
space B(H), but now endowed with the 1—Schatten norm.

1 0 10
Let A= (0 ) and [ = (0 1) € B(H). Then,

1) [A+ Il =24+1=[A= 1]
(2) Let {\,}nen be a sequence such that A, € (0,1) and A\, — 0,

1+ A, 0

0 —24 A\,

):>||A+)\nB||1:|1+>\n|+|—2+>\n|:3

1—=M\, 0
A—-N\I = = [[A=NBlli=1-X\|+|—2-\,| =3
0 2=\

Clearly, conditions (1) and (2) together imply that ALg[l.

(3) But if we consider A = 2, we have,

0

30 ~1
A+21:<0 0>:>HA+2I||1:3 andA—QIz(O 4):»”,4—21“1:5.

This proves that A is not Roberts orthogonal to B.
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