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ABSTRACT

In this work an analytical solution of the seismoelectric conversions generated in the
vadose zone, when this region is traversed by a pure SH wave, is derived. The consid-
ered model assumes a one-dimensional soil constituted by two homogeneous media in
contact at the water table, and a shearing force located at the earth’s surface as the wave
source. The model also considers that the electroosmotic feedback can be neglected in
Biot’s equations, as it is usually assumed. The upper medium represents a partially sat-
urated porous rock whose porous space contains the minimum amount of water, while
the lower medium is completely saturated with water, representing the saturated zone.
The analytical expressions for both electric and magnetic fields are analyzed for a hy-
pothetical scenario. The main result shows that a sharp contrast in water saturation at
the water table can induce strong interfacial responces in both fields.

INTRODUCTION

Seismoelectromagnetic methods were developed to investigate hydrogeological reser-
voirs (Dupuis et al., 2009; Schakel et al., 2012; Warden et al., 2013), specially in arid
environments (Valuri et al., 2012), and hydrocarbon reservoirs (Zyserman et al., 2012;
Guan et al., 2013; Zyserman et al., 2015). The seismoelectric method aims at combin-
ing the sensitivity of the electric methods to the fluid content with the spatial resolution
of the seismic method. Most of the studies were developed considering a single satu-
rating fluid at full saturation. It was only in the few last years that attempts to introduce
partial saturation in seismoelectrics/electroseismics have been undertaken (Warden et
al., 2013; Zyserman et al., 2015). Recently Zyserman et al. (2017) studied the seismo-
electric conversions generated in the vadose zone when this region is traversed by a
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pure shear SH wave, instead of a pure compressional P-wave as usually studied. The
numerical results showed that the seismoelectric conversions induced by a shear wave
source lead to an electric interfacial response of about three orders of magnitude larger
than the coseismic signal amplitude, leading to a possible detection of the water ta-
ble by seismoelectromagnetic measurements. In the present work, these seismoelectro-
magnetic conversions induced in the vadose zone are analytically derived for a simple
one-dimensional model.

THEORETICAL BACKGROUND

Let’s assume a porous medium constituted by two regions in the x − z plane, being z
the vertical axis (positive downwards) and x the horizontal axis, as it is schematically
depicted in Fig. 1. The origin of the z coordinates is located at the surface, and both

medium 1

F s

medium 2
zwt

0 x

z

Figure 1. Schematic representation of the seismic shear plane wave travelling
downwards in a two-layer one-dimensional system.

regions are in contact at z = zwt (the depth to the water table). The upper region
(0 < z < zwt) labeled as 1, represents a partially saturated porous rock whose porous
space contains the minimum amount of water (residual content). This space mimics the
so called vadose zone under the assumption that the water saturation remains constant
with depth. The lower region (z > zwt), labeled as 2, is completely saturated by water,
and represents the saturated zone below the water table. We model the electromagnetic
response to seismic waves generated by a shear source using the equations derived by
Pride (1994). In particular we assume that the source of the system is a shearing force
located at the earth’s surface, parallel to the x axis acting on a horizontal infinite plane
(see Fig.1). Under these assumptions both solid and fluid phases can only undergo
displacements in the x axis direction, with amplitudes depending only on depth z; no
compressional waves can arise in this model and spherical spreading and Fresnel zone
effects are not accounted for. If we also consider that the electroosmotic feedback can
be neglected in Biot’s equations, as it is usually assumed for frequencies in the range
of interest for shallow seismoelectric surveys (10 Hz to 1 kHz) (Haines and R.Pride,
2006), Pride’s electromagnetic equations can be written in the space-frequency domain,
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assuming a eiωt time dependence, as follows

σEx −
∂Hy

∂z
= iω

η

κ
L0uf,x = jv, (1)

∂Ex
∂z

+ iωµ0Hy = 0, (2)

−ω2ρbus,x − ω2ρfuf,x = G
∂2us,x
∂z2

, (3)

−ω2ρfus,x − ω2g0uf,x + iω
η

κ
uf,x = 0. (4)

In these equations,Ex andHy are the electric and magnetic fields, respectively, and us,x
and uf,x are the solid and average relative fluid displacements, respectively. From now
on, for the sake of simplicity, we denote E ≡ Ex, H ≡ Hy, us ≡ us,x and uf ≡ uf,x.
The remaining parameters in Eqs. (1)-(4) are the electric conductivity σ, fluid viscosity
η, hydraulic permeability κ, electrokinetic coupling L0, vacuum magnetic permeability
µ0, bulk density ρb, fluid density ρf , Biot’s low frequency inertial coupling coefficient
g0 and shear modulus of the solid frame G. The right hand side in Eq. (1) is the electric
current density, source of the electromagnetic signals, and can be named the viscous
current density jv, whereas σEx is the conduction current.
Suppose that a shear seismic plane wave is generated at z = 0, traveling downwards
from the surface to the water table (see Fig.1). If the wave is harmonic with angular
frequency ω and polarized in the x axis direction, the solid and relative fluid displace-
ments in medium 1, us,1 and uf,1 can be written as:

us,1 = Us,1e
iλ1z and uf,1 = Uf,1e

iλ1z, (5)

where λ1 is the wave number of medium 1, v1 = ω/|Re(λ1)| is the S-wave phase ve-
locity, and Us,1 and Uf,1 are the amplitudes of the solid and relative fluid displacements
at z = 0, respectively. Following the same reasoning the corresponding displacements
in medium 2 can be expressed as:

us,2 = Us,2e
iλ2(z−zwt) and uf,2 = Uf,2e

iλ2(z−zwt). (6)

Using these expressions in Eqs. (3) and (4) the following relations can be obtained
(Pride, 2005):

uf,1 = −
ρf,1

g0,1 +
iη1
ωκ1

us,1 and uf,2 = −
ρf,2

g0,2 +
iη2
ωκ2

us,2. (7)

Now, let’s assume that the solid matrix of the porous medium is the same for both re-
gions (they only differ in fluid content). Then, the wave will pass through the interface
with no reflections (Liu and Greenhalgh, 2014) and the amplitude of the solid displace-
ment at z = zwt will be the same for both incident and transmitted waves. This allows
to write us,2(zwt) = us,1(zwt), that is, according to Eqs. (5) and (6), Us,1eiλ1zwt = Us,2.
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Moreover, being the solid matrix the same for both regions, the hydraulic permeabili-
ties will also be the same, so we can write κ1 = κ2 = κ.
The viscous current density jv generated by the relative fluid motion can be obtained
for both media as follows (see Eq. (1)):

jv,1 = iωη1
L0,1

κ
uf,1 =

ω2ρf,1L0,1

1 + iωg0,1κη
−1
1

Us,1e
iλ1z = Jwt1 eiλ1(z−zwt), (8)

jv,2 = iωη2
L0,2

κ
uf,2 =

ω2ρf,2L0,2

1 + iωg0,2κη
−1
2

Us,2e
iλ2(z−zwt) = Jwt2 eiλ2(z−zwt), (9)

being Jwt1 and Jwt2 the amplitudes of the current density at the water table in medium 1
and in medium 2, respectively. Note that, being the water content profile discontinuous
at z = zwt, the relative fluid displacement will be discontinuous, and so the current
density.
Now, let’s explore the influence of the current density as a source of electromagnetic
fields. Taking the first derivative with respect to z in Eq. (2), replacing the resulting
expression in Eq. (1) and using Eqs. (8) and (9), the following equations are obtained
for the electric field

d2E

dz2
+ k1

2E = iωµ0J
wt
1 eiλ1(z−zwt), 0 ≤ z < zwt, (10)

d2E

dz2
+ k2

2E = iωµ0J
wt
2 eiλ2(z−zwt), z > zwt, (11)

being k∗ =
√
iωµ0σ∗ (∗ = 1, 2). The general solutions for Eqs. (10) and (11) are

respectively given by

E(z, ω) = A1e
−ik1z +B1e

ik1z +
k21J

wt
1 eiλ1(z−zwt)

(k21 − λ21)σ1
, 0 ≤ z < zwt, (12)

E(z, ω) = A2e
−ik2z +B2e

ik2z +
k22J

wt
2 eiλ2(z−zwt)

(k22 − λ22)σ2
, z > zwt, (13)

where A1, B1, A2 and B2 are frequency dependent complex constants. The magnetic
field H can be obtained from E using Eq. (2), leading to

H(z, ω) =
k1
ωµ0

(
A1e

−ik1z −B1e
ik1z

)
− iλ1J

wt
1 eiλ1(z−zwt)

k21 − λ21
, 0 ≤ z < zwt, (14)

H(z, ω) =
k2
ωµ0

(
A2e

−ik2z −B2e
ik2z

)
− iλ2J

wt
2 eiλ2(z−zwt)

k22 − λ22
, z > zwt. (15)

The unknown constants A1, B1, A2 and B2 should be obtained by imposing conditions
on the interface of both media at z = zwt, and at the boundaries of the system (z = 0
and z → ∞). First, if we choose k2 such that Im(k2) < 0, then B2 must vanish in
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order to avoid the divergence of the electromagnetic fields when z → ∞. If the earth
surface is in contact with air, and if we assume that the air is dielectric, then the am-
plitude of the electric field must be constant for z ≤ 0 in order to avoid its divergence
when z → −∞, and in virtue of Eq. (2) H = 0 for z < 0. Establishing the continuity
condition of the magnetic field at z = 0 and for both fields at z = zwt, the remain-
ing constants A1, B1 and A2 can be obtained. Once the fields E(z, ω) and H(z, ω)
are known for a given depth z, the time variations of these fields at that depth are ob-
tained by inverse Fourier transform of the product between the spectra of the source,
F (ω) = F{f(t)} (being f(t) the time signature of the source) and the corresponding
field, that is, E(z, t) = F−1{E(z, ω)F (ω)} and H(z, t) = F−1{H(z, ω)F (ω)}.
Note that the third terms of Eqs. (12)-(15) have wave numbers λ∗, corresponding to a
wave propagation at seismic velocities. These terms are interpreted as the electromag-
netic coseismic responses. On the other hand, the first two terms in these equations
have wave numbers k∗, which correspond to electromagnetic signals. These terms ac-
count for the interfacial responses originated at the surface and at the water table, as
we show below. In the following section a hypothetical example is proposed to analyze
the electromagnetic responses predicted by the derived analytical solution.

RESULTS AND DISCUSSION

To illustrate the field responses predicted by the derived analytical solution we consider
the physical properties listed in Table 1. Both the porous matrix properties and the ef-

Table 1. Material properties employed in the proposed example.
Properties of the porous matrix
Permeability, κ [m2] 4.02× 10−12

Shear modulus, G [GPa] 7.6
Effective Properties medium 1 medium 2
Water Saturation, Sw 0.3 1
Fluid density, ρf [Kg m−3] 308.9 1027
Fluid viscosity, η [Pa s] 6.03× 10−5 10−3

Biot’s inertial coefficient, g0[Kg m−3] 2865.5 9525.7
Electrical conductivity, σ [S m−1] 1.13× 10−4 10−2

Electrokinetic coupling, L0 [A Pa−1m−1] 2.02× 10−10 4.8× 10−10

fective properties of the media are computed for a loamy sand following Zyserman et
al. (2017). The water table is assumed to be located at 25 m below the surface, and as
the time signature of the seismic source f(t) we use a Ricker wavelet with peak fre-
quency fc = 120 Hz, the peak amplitude for the Ricker wavelet (located at t = 8×10−3

s) is set to 1 and the amplitude of the solid displacement at the surface is Us,1 = 1 m.
Note this is not a realistic value for a field source but it is appropriated for a qualitative
analysis.
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The time variation of the solid displacement and the current density, together with the
interfacial and coseismic responses of the electric and magnetic fields are plotted in Fig.
2 for 11 different depths measured from the surface. As can be seen, the solid displace-
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Figure 2. Time variation of us (top left), jv (top right), E-IR (central left), E-Cos
(central right), H-IR (bottom left), H-Cos (bottom right).

ment us induced by the source at the surface travels downwards with fairly constant
seismic velocity and amplitude. The current density jv follows the same time depen-
dence as us but with a sharp increase of amplitude when the water table is reached.
This was expected given the sharp contrast in water saturation, which in turn produces
a corresponding jump in uf .



i
i

“Template” — 2017/2/13 — 13:44 i
i

i
i

i
i

The interfacial response of the electric field E-IR shows two events originated at two
different times. The first one is attributed to an interfacial response originated at the
surface, and the second one corresponds to the interfacial response originated at the
water table. As can be seen, the amplitudes of both signals are markedly different. The
coseismic response of the electric field E-Cos shows the same behavior as the current
density, being its amplitude higher below the water table. Although it can not be in-
terpreted from the figure, the amplitude of the interfacial response at the water table is
three orders of magnitude higher than the amplitude of the coseismic field below the
water table.
Concerning the interface response of the magnetic field H-IR, the one corresponding
to the water table is not visible above zwt, while the one originated at the surface is
visible at all depths, although it is relatively weak. The behavior for the IRs of both
fields confirms the numerical results we obtained in our previous work (Zyserman et
al., 2017). The coseismic magnetic field H-Cos shows the same behavior than the elec-
tric coseismic field E-Cos. However, for the magnetic field the coseismic response and
the interfacial response have the same amplitude below the water table.
Finally, we explore the dependence of the electromagnetic responses on the saturation
Sw of medium 1. Because of the lack of space, no figure is included, but we observe
that an increase in the saturation will produce an increase in the amplitude of E-IR and
H-IR at the surface together with a decrease in the amplitude of E-IR and H-IR at zwt.

CONCLUSIONS

The derived solution provides new mathematical expressions to analytically study the
dependence of the seismoelectromagnetic interface and coseismic responses with the
physical parameters of the media. An important feature of the solution is that the inter-
facial and coseismic responses are explicit in the field’s mathematical expressions, so
they can be analyzed separately. Finally, the obtained results are in complete agreement
with our previous work, showing that a sharp contrast in water saturation at the water
table can induce strong interfacial responses in both fields, and in the case of the elec-
tric field, the amplitude of the interfacial response is three orders of magnitude higher
than the coseismic response.
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