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Abstract Most of the analytical solutions to describe tide-
induced head fluctuations assume that the coastal aquifer has
a constant thickness. These solutions have been applied in
many practical problems ignoring possible changes in aquifer
thickness, which may lead to wrong estimates of the hydraulic
parameters. In this study, a new analytical solution to describe
tide-induced head fluctuations in a wedge-shaped coastal
aquifer is presented. The proposed model assumes that the
aquifer thickness decreases with the distance from the coast-
line. A closed-form analytical solution is obtained by solving
a boundary-value problem with both a separation of variables
method and a change of variables method. The analytical so-
lution indicates that wedging significantly enhances the am-
plitude of the induced heads in the aquifer. However, the effect
on time lag is almost negligible, particularly near the coast.
The slope factor, which quantifies the degree of heterogeneity
of the aquifer, is obtained and analyzed for a number of hy-
pothetical scenarios. The slope factor provides a simple crite-
rion to detect a possible wedging of the coastal aquifer.

Keywords Groundwater flow . Analytical solutions . Tidal
fluctuations . Coastal aquifers .Wedge-shaped aquifer

Introduction

The tide-induced method has become a very useful and prac-
tical tool for the estimation of hydraulic parameters in coastal
aquifers (Carr and van der Kamp 1969; Trefry and Johnston
1998; Jha et al. 2003; Zhou 2008; Rotzoll et al. 2013; Zhou
et al. 2015). Basically, this method consists of estimating the
hydraulic diffusivity (hydraulic conductivity divided by spe-
cific storage) from the measurement and analysis of ground-
water fluctuations induced by sea tides in wells located near
the coastline. The tide-induced method is non-invasive and
can be applied in coastal aquifers which are significantly af-
fected by seawater intrusion or are located in highly polluted
zones (Jha et al. 2003; Chattopadhyay et al. 2015). In these
critical scenarios, the tide-induced method becomes an attrac-
tive alternative to the commonly used pumping tests. The
interaction between coastal groundwater and sea tides has
been extensively analyzed through analytical solutions. In
the last decades, many analytical solutions to describe tide-
induced head fluctuations have been obtained for a number of
simplified aquifer models. Jacob (1950) and Ferris (1951)
were the first to derive an analytical solution for a homoge-
neous confined aquifer that extends landward infinitely. This
solution is simple and has been widely used for estimating
hydraulic parameters in coastal aquifers (e.g. Carr and van
der Kamp 1969; Rotzoll and El-Kadi 2008; Rotzoll et al.
2013; Zhou et al. 2015). However, the assumption of homo-
geneity of the aquifer has significant discrepancy from real
aquifers, which may have spatial variations of the hydraulic
properties or complex geometries of the aquifer layer (Li and
Jiao 2003; Trefry and Bekele 2004).

The study of the heterogeneity of the hydraulic properties
on tide-induced head fluctuations has been addressed by sev-
eral researchers. Basically, three types of approaches have
been employed in order to study such effects. The first
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approach, referred to as the sub-region model, assumes that
the heterogeneous aquifer can be represented by homoge-
neous sub-regions (Wang et al. 2015). Trefry (1999) presented
comprehensive solutions for an aquifer consisting of an arbi-
trary number of contiguous homogeneous zones subjected to
sinusoidal linear boundary conditions. Guo et al. (2010) ob-
tained an analytical solution for an aquifer comprising two
homogeneous contiguous zones and fit the observed data in
a heterogeneous coastal aquifer in Dongzhai Harbor, China. In
contrast, the second approach to handle aquifer heterogeneity
assumes a continuous function to describe spatial variations of
hydraulic properties. In two recent works (Monachesi and
Guarracino 2011; Guarracino and Monachesi 2014) analytical
solutions for alluvial aquifers where the hydraulic conductiv-
ity increases linearly and quadratically with the distance to the
coastline were derived. The third approach considers statisti-
cally stationary random fields and can provide estimates of the
correlation scale and variance of aquifer transmissivity or con-
ductivity distributions (e.g. Trefry et al. 2011).

Most analytical solutions assume a single aquifer (one lay-
er) or an aquifer system composed of two or more layers with
simple geometries. Li and Jiao (2001) study the effect of stor-
age in an aquifer system consisting of a confined aquifer over-
lain by a semi permeable layer that terminates at the coastline.
Li et al. (2008) solved the same problem for an aquifer system
that extends infinitely under the sea. Geng et al. (2009) con-
sidered a single confined aquifer that extends a finite distance
under the sea with its submarine outlet covered by a thin layer.
More recently, Guarracino et al. (2012) analyzed the mechan-
ical effects on tide-induced head fluctuation in a coastal aqui-
fer system that extends a finite distance under the sea.

All the aforementioned works assume that the aquifer (or
aquifer system) has a constant thickness. This hypothesis is
not always valid because nonuniformity in aquifer thickness is
commonly reported (Rotzoll et al. 2013; Masterson et al.
2015). Hantush (1962a) developed an approximate theory to
describe water flow in aquifers of varying thickness showing
that the effect of heterogeneity could be significant. To the
authors’ knowledge, there are no analytical solutions that de-
scribe tide-induced head fluctuations in aquifers which have a
non-uniform thickness.

In the case of volcanic islands or continental coastlines with
shallow crystalline basement, sediments can be deposited near
the coast forming wedge-shaped aquifers. These aquifers have
a finite length and a thickness that increases from inland to
coastline (e.g. Rotzoll et al. 2013; Trapp 1992). In general
terms, the way in which the aquifer thickness decreases will
depend on the deposition pattern and coastal morphology—
for example, Hantush (1962b, c) proposes both linear and
exponential laws to describe aquifer thickness in groundwater
flow equations.

In this article, a finite wedge-shaped aquifer having a thick-
ness that decreases quadratically with the distance to the

coastline is assumed. An analytical solution that predicts the
tide-induced head fluctuations is derived by solving a
boundary-value problem combining the separation of vari-
ables method and the change of variables method. In order
to explore the influence of the wedging on tide-induced head
fluctuations, hypothetical examples are designed and ana-
lyzed. The degree of heterogeneity of the aquifer is quantified
by calculating the slope factor, which provides a simple crite-
rion to detect a possible wedging.

Mathematical model and analytical solution

Let us consider a wedge-shaped confined aquifer of length L
in contact with the sea as shown in Fig. 1. For the mathemat-
ical description of the problem, let the x-axis be perpendicular
to the coastline, horizontal and positive landward, with the
origin at the coastline. The datum of the induced head fluctu-
ations is the mean water level. As it is mentioned in the
‘Introduction’, linear and exponential laws have been pro-
posed to describe aquifer thicknesses (Hantush 1962b, c). In
this study a quadratic law is proposed, which can be consid-
ered an intermediate between linear and exponential decreas-
ing of the aquifer thickness. The quadratic law also allows to
obtain a closed-form analytical solution for the tide-induced
head fluctuation. The aquifer thickness b(x) (0 ≤ x < L) is
assumed to decrease with the distance to the coastline accord-
ing to the following law:

b xð Þ ¼ b0 1−
x
L

� �2
ð1Þ

where b0 is the aquifer thickness at the coastline (x = 0).
In order to derive an analytical solution, the following as-

sumptions are made: the flow in the confined aquifer is hori-
zontal and obeys Darcy’s law; the effect of density variations
on water flow is neglected; the hydraulic conductivity Ks

(LT−1) and the specific storativity Ss (L
−1) are constant.

According to these assumptions, tide-induced head fluctua-
tions are described by the equation (Bear 1972):

∂
∂x

T xð Þ ∂h
∂x

� �
¼ S xð Þ ∂h

∂t
ð2Þ

where h(x, t) is the groundwater head (L), t the time (T), T(x) =
Ksb(x) the transmissivity (L2T−1) and S(x) = Ssb(x) the
storativity (−). Assuming that the sea tide can be described
by a sinusoidal function, the boundary condition at the sea-
aquifer interface (x = 0) can be expressed as:

h 0; tð Þ ¼ Acos ωtð Þ ð3Þ
where A is the tidal amplitude (L) and ω the tidal angular
frequency (T−1). It is important to remark that since the differ-
ential problem is linear, solutions for multiple-constituents
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tides can be obtained using the superposition principle. At the
inland edge of the aquifer (x = L) the following no-flow
boundary condition is imposed:

lim
x→L

T xð Þ ∂h
∂x

� �
¼ 0 ð4Þ

The exact analytical solution of Eqs. (2)–(4) can be obtain-
ed by re-writing the equations in complex form and using the
separation of variables method and change of variables meth-
od. The exact analytical solution is as follows:

h x; tð Þ ¼ Ap

1−x
.
L

� � eaxcos ωt þ axð Þ−ea 2L−xð Þcos ωt þ a 2L−xð Þ½ �
n o

−

Aq

1−x
.
L

� � eaxsin ωt þ axð Þ−ea 2L−xð Þsin ωt þ a 2L−xð Þ½ �
n o

ð5Þ
where

p ¼ 1−e2aLcos 2aLð Þ
1−e2aLcos 2aLð Þ þ e4aL

; q

¼ e2aLsin 2aLð Þ
1−e2aLcos 2aLð Þ þ e4aL

ð6Þ

being a ¼
ffiffiffiffiffiffi
ωSs
2Ks

q
the tidal propagation parameter (Li and Jiao

2001). The derivation of Eq. (5) is presented in detail in
Appendix 1.

In the next section, the derived solution of Eq. (5) is
discussed and compared with the analytical solution for a
finite aquifer of constant thickness. Note that, taking the limit
L → ∞ in Eqs. (5) and (6), h(x, t) tends to:

h x; tð Þ ¼ Ae−axcos ωt−axð Þ ð7Þ

which is the analytical solution obtained by Jacob for a con-
stant thickness aquifer of infinite length.

Results and discussion

To explore the effect of wedging on tide-induced head fluctu-
ations, hypothetical examples are designed and analyzed. As a
first example, the predicted responses of the proposed model
are compared with the ones obtained for an aquifer of the same
length but with a constant thickness (box-shaped aquifer). A
schematic profile of a box-shaped confined aquifer is shown
in Fig. 1.

The exact analytical solution for this case is as follows:

h x; tð Þ ¼ Ap e−axcos ωt−axð Þ þ e−a 2L−xð Þcos ωt−a 2L−xð Þ½ �
n o

−

Aq e−axsin ωt−axð Þ þ e−a 2L−xð Þsin ωt−a 2L−xð Þ½ �
n o

ð8Þ
where

p ¼ 1þ e−2aLcos 2aLð Þ
1þ e−2aLcos 2aLð Þ þ e−4aL

; q

¼ e−2aLsin 2aLð Þ
1þ e−2aLcos 2aLð Þ þ e−4aL

ð9Þ

Appendix 2 contains a detailed derivation of the analytical
solution of Eq. (8).

In order to test Eqs. (5) and (8), it is assumed that both
wedge-shaped and box-shaped aquifers have a length L =
150 m, hydraulic conductivity Ks = 50 m day−1, specific
storativity Ss = 3 × 10−3 m−1 and hydraulic diffusivity D =
Ks/Ss = 5 × 104 m2 day−1. The sea tide is assumed to be
semi-diurnal (period of 12.4 h) with amplitude A = 1 m.
Figure 2 shows time variations of the tide-induced head fluc-
tuations computed for three different distances from the coast-
line: x = 30m, x = 75m and x = 120m. It can be observed that,
in the three cases, the head fluctuations induced in the wedge-
shaped aquifer have larger amplitudes than in the box-shaped
aquifer. The effect on time-lags between sea tides and induced
heads is less significant, but smaller time-lags are obtained in
the wedge-shaped aquifer. Also note that the difference be-
tween the head fluctuations predicted by both models in-
creases with the distance to the coast.

The previous example demonstrates that the effect of
wedging on head fluctuations could be important and should
be considered in order to correctly assess the hydraulic behav-
ior of the aquifer. For a better understanding of this effect, the
amplitude hmax and time lag tlag as functions of the distance to
the coastline are computed using the following expressions:

hmax xð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2r xð Þ þ y2i xð Þ

q
ð10Þ

tlag xð Þ ¼ −
1

ω
tan−1

yi xð Þ
yr xð Þ

� �
ð11Þ

confined
 aquifer

b
0

x

L

Sea

mean water level

borehole

Fig. 1 Schematic profiles of a wedge-shaped confined aquifer and a box-
shaped confined aquifer (dashed line)
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where yr(x) and yi(x) are respectively the real and imaginary
parts of the complex solution y(x) defined in Appendix 1 (so-
lution of the differential problem Eqs. 18–20).

Figure 3 shows the amplitude and time lag for six
different aquifer lengths using Eqs. (10) and (11). As a
reference, the figure includes the curves of the Jacob
model which is valid for a homogeneous aquifer of
constant thickness and infinite length. As can be ob-
served, the shorter the length of the aquifer, the higher
the amplitude of the induced tide. The amplitude curves
tend progressively to the Jacob model as the length of
the aquifer increases. On the other hand, time-lag curves
converge to the Jacob model near the coast. The range
of convergence increases with the length of the aquifer
(for example for L = 250 m, the predicted curve fits the
Jacob model between 0 and 175 m).

It is important to remark that, although the time-lag curves
are coincident with the Jacob model near the coast, the ampli-
tude curves of both models are significantly different (see
Fig. 3). This behavior would lead to inconsistencies if diffu-
sivity values are estimated from amplitude and time-lag data
using the classical procedure based on Jacob model.

In order to quantify these inconsistencies, Trefry and
Bekele (2004) introduce the slope factor (SF) defined by the
following expressions:

SF xð Þ ¼
ffiffiffiffiffiffiffiffiffiffi
Damp

Dpha

s
ð12Þ

Damp ¼ x2ω

2ln2 hmax xð Þ½ � ð13Þ

Dpha ¼ x2

2ωt2lag xð Þ ð14Þ

where Damp and Dpha are the hydraulic diffusivities obtained
from amplitude and time-lag data, respectively. For a homoge-
neous aquifer, tide-induced heads are described by the Jacob
model, so the diffusivities Damp and Dpha are equivalent and
SF(x) is constant and equal to 1. For an inhomogeneous
aquifer, the slope factor deviates from 1 and then it can be
considered a measurement of the heterogeneity degree of the
aquifer. Based on the analysis of different sets of data, Trefry
and Bekele (2004) reported slope factor values that range from
0.3 to 2.1.
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Fig. 2 Time variations of the tide-induced head fluctuations estimated for three different distances from the coastline. Sea tide is included in the figure
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Figure 4 shows slope factor values obtained from
Eqs. (12)–(14) for six different wedge-shaped aquifer
lengths as functions of x. As a reference, the figure
includes the slope factor curve for the Jacob model. It
can be seen that, in all cases, slope factor values are
greater than 1 and increase with the distance to the
coastline. The slope factor curves gradually approach
the Jacob model as the aquifer length increases. The
use of the classical method in wedge-shaped aquifers
can lead to significant errors in the estimation of hy-
draulic diffusivity—for example, for an aquifer length of
250 m, at x = 100 m, a difference of 86% in the esti-
mation of diffusivity from time-lag and amplitude data
is obtained.

Conclusions

In this study, a new analytical solution to describe the
effect of the aquifer wedging on tide-induced head fluc-
tuations has been derived. The aquifer is assumed to be
finite with a thickness that decreases quadratically with
the distance to the coastline. For this particular geome-
try, a simple closed-form analytical solution is obtained.
This solution is compared with analytical solutions for
both finite and infinite constant thickness aquifer
models. The wedging produces a significant enhance-
ment of the amplitude of tide-induced heads but a mi-
nor effect on time lag which remains linear near the
coast. This behavior in amplitude and phase signals
could be attributed to the common case of an aquifer
of constant thickness (Jacob model) and may lead to a
wrong estimation of hydraulic parameters. In these

cases, the value of the slope factor can be used to
predict a possible wedging of the aquifer.
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Appendix 1

Let H(x,t) be a complex function that satisfies the following
boundary value problem:

∂
∂x

T xð Þ ∂H
∂x

� �
¼ S xð Þ ∂H

∂t
ð15Þ

H 0; tð Þ ¼ Aeiωt ð16Þ

lim
x→L

T xð Þ ∂H
∂x

� �
¼ 0 ð17Þ

Because h(x,t) is the solution of Eqs. (2)–(4), it follows
that h(x, t) =ℜ[H(x, t)], where ℜ denotes the real part of
the complex expression. Substituting H(x, t) = y(x)eiωt in-
to Eqs. (15)–(17) yields:

1−
x
L

� � d2y

dx2
−
2

L
dy
dx

−i2a2 1−
x
L

� �
y ¼ 0 ð18Þ

y 0ð Þ ¼ A ð19Þ

lim
x→L

1−
x
L

� �2 dy
dx

¼ 0 ð20Þ

where y(x) is a complex function.
In order to find the general solution of Eq. (18), the follow-

ing change of variables is proposed:

v xð Þ ¼ 1−
x
L

� �
y xð Þ ð21Þ

Replacing Eq. (21) into Eqs. (18)–(20) gives:

d2v

dx2
−2ia2v ¼ 0 ð22Þ

v 0ð Þ ¼ A ð23Þ

lim
x→L

1−
x
L

� � dv
dx

þ v xð Þ
L

¼ 0 ð24Þ

By solving Eqs. (22)–(24), one obtains Eq. (5) as the solu-
tion of the initial differential problem (Eqs. 2–4).
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Fig. 4 Slope factors versus distance to the coastline for different aquifer
lengths. The Jacob solution is represented by a red line
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Appendix 2

In case of having a constant thickness aquifer of finite
length, the problem stated by Eqs. (2), (3) and (4)
reduces to:

∂2h
∂x2

¼ Ss
Ks

∂h
∂t

ð25Þ

h 0; tð Þ ¼ Acos ωtð Þ ð26Þ

lim
x→L

∂h
∂x

� �
¼ 0 ð27Þ

The solution h(x, t) can be obtained as h(x, t) =ℜ[H(x, t)],
where H(x, t) satisfies:

∂ 2H
∂x2

¼ Ss
Ks

∂H
∂t

ð28Þ

H 0; tð Þ ¼ Aeiωt ð29Þ
∂H
∂x

¼ 0 ð30Þ

Let us define H(x, t) = y(x)eiωt. In this case y(x) must verify:

d2y
dx2

−2ia2y ¼ 0 ð31Þ

y 0ð Þ ¼ A ð32Þ

lim
x→L

dy
dx

¼ 0 ð33Þ

The solution of the boundary value problem (Eqs. 31–33) is:

y xð Þ ¼ A
e−2 1þið ÞaLe 1þið Þax−e− 1þið Þax� �

1þ e−2 1þið ÞaL ð34Þ

Finally, the following solution for the initial differential prob-
lem (Eqs. 25–27) is obtained:

h x; tð Þ ¼ Ap e−axcos ωt−axð Þ þ e−a 2L−xð Þcos ωt−a 2L−xð Þ½ �
n o

−

Aq e−axsin ωt−axð Þ þ e−a 2L−xð Þsin ωt−a 2L−xð Þ½ �
n o

ð35Þ

where

p ¼ 1þ e−2aLcos 2aLð Þ
1þ e−2aLcos 2aLð Þ þ e−4aL

; q

¼ e−2aLsin 2aLð Þ
1þ e−2aLcos 2aLð Þ þ e−4aL

ð36Þ

Note that, as in the case of the wedge-shaped aquifer,
taking the limit L → ∞, h(x, t) leads to Jacob’s solution
(Eq. 7).
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