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Abstract. In this paper, we establish several characterizations of the
A-parallelism of bounded linear operators with respect to the semi-
norm induced by a positive operator A acting on a complex Hilbert
space. Among other things, we investigate the relationship between A-
seminorm-parallelism and A-Birkhoff-James orthogonality of A-bounded
operators. In particular, we characterize A-bounded operators which
satisfy the A-Daugavet equation. In addition, we relate the A-Birkhoff-
James orthogonality of operators and distance formulas and we give an
explicit formula of the center mass for A-bounded operators. Some other
related results are also discussed.
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1. Introduction and Preliminaries

Let B(H) denote the C*-algebra of all bounded linear operators acting on
a non trivial complex Hilbert space H with an inner product (-,-) and the
corresponding norm || - ||. The symbol I3 stands for the identity operator on
H (or I if no confusion arises). In all that follows, by an operator we mean
a bounded linear operator. The range of every operator is denoted by R(T),
its null space by N (T') and T* is the adjoint of T. If T, S € B(H), we write
T > S whenever (T'z,z) > (Sz,z) for all x € H. An element A € B(H)
such that A > 0 is called positive. For every A > 0, there exists a unique
positive A'/2 € B(H) such that A = (A'/?)2. For the rest of this article, we
assume that A € B(H) is a positive nonzero operator, which clearly induces
the following semi-inner product

<'a '>A tHxH—C, (xay) — <x,y>A = <Ax7y>

Notice that the induced seminorm is given by [|z||a = /{x,z) 4, for every
x € H. This makes H into a semi-Hilbert space. One can check that || - || 4
is a norm on H if and only if A is injective, and that (M, || - ||a) is complete



2 T. Bottazzi, C. Conde and K. Feki

if and only if R(A) is closed. The semi-inner product (-, -)4 induces an inner
product on the quotient space H/N(A) defined as

[@,9] = (Az,y), VZT,5€H/N(A).

Notice that (H/N(A),[-,-]) is not complete unless R(A) is a closed subset of
‘H. However, a canonical construction due to L. de Branges and J. Rovnyak
in [9] (see also [14]) shows that the completion of H /AN (A) under the inner
product [-,] is isometrically isomorphic to the Hilbert space R(A'/?) with
the inner product

<A1/2$7A1/2y>R(A1/2) = <Pm1‘7pmy>, Vx,y S H, (11)

where PW denotes the orthogonal projection onto R(A). For the sequel, the
Hilbert space (R(AY2),(, )R (a1/2y) will be denoted by R(A'/?). By using
(1.1), one can check that

<A.I, Ay>R(A1/2) = <.’13, y>A7 Vx,y S H,
which, in turn, implies that
||AQZ‘HR(A1/2) = ||$HA, Va cH. (12)

We refer the reader to [4] and the references therein for more information
concerning the Hilbert space R(A'/?).

For T € B(#), an operator S € B(H) is said an A-adjoint operator of T
if the identity (T'z,y) , = (x, Sy) 4 holds for every x,y € H, or equivalently,
S is solution of the operator equation AX = T*A. Notice that this kind of
equation can be investigated by using the following well-known theorem due
to Douglas (for its proof see [12]).

Theorem A. If T, S € B(H), then the following statements are equivalent:
(i) R(S) € R(T).
(ii) TD = S for some D € B(H).
(ili) There exists A > 0 such that ||S*z| < A||T*z|| for all x € H.
If one of these conditions holds, then there exists a unique solution of the
operator equation TX = S, denoted by Q, such that R(Q) C R(T*). Such Q
is called the reduced solution of TX = S.

If we denote by B4 () and B 41,2 () the sets of all operators that admit
A-adjoints and A'/2-adjoints, respectively, then an application of Theorem
A gives

Ba(H) ={T € B(H); R(IT*A) CR(A)},
and
Baiz(H) ={T €B(H); Fc>0; [[Tz| 4 < c|lz|,, Yz € H}.

Operators in B 41,2 (H) are called A-bounded. Notice that B4 (H) and B 41,2 (H)
are two subalgebras of B(#) which are, in general, neither closed nor dense in

B(H) (see [2]). Moreover, the following inclusions B4 (H) C B 41/2(H) C B(H)

hold and are in general proper (see [15]).
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Let T € B4(H). The reduced solution of the equation AX = T*A
will be denoted by T%4. Note that, 7% = ATT*A. Here A' is the Moore-
Penrose inverse of A. We mention that if T € B4 (H), then T#4 € B (H)
and (T%4)#a = PriayT Priay- For more results concerning T#4 see [2, 3]. Tt
is useful to recall that an operator T' € B4 (H) is called A-normal if TT%4 =
THAT (see [4, 8]). Notice that T is A-normal if and only if R(TT#4) C R(A)
and ||[T#4z|| 4 = ||Tx||a for all z € H (see [23]). Now, it is well-known that
(-,-)a induces on B 41,2 () the following seminorm:

1Tz||a
IT)|a:= sup P = sup{||Tm||A; zeH, |||, = 1} <oo. (L.3)
TER(A),
eﬂc;«é(o)

It can be observed that for T € B 41,2(H), ||T||a = 0 if and only if AT = 0.
Notice that it was proved in [13] that for T € B 41/2(H) we have

IT||a = sup{[(Tz,y)al; =,y € H, |z[la = [lyla =1} (1.4)

It can be verified that, for T' € B 41/2 (H), we have || Tz| , < || T|| 4|/ 4 for all
x € H. This implies that, for T,.S € B 41/2(H), we have ||T'S|| , < |T]| 4115l 4-
In addition, we have | T#AT|| 4 = || TT* |4 = |T||4 = || T#|? for all T €
Ba(H) (see [3, Proposition 2.3.]). Notice that it may happen that [T, =
+oo for some T € B(H) (see [15]). For more details concerning A-bounded
operators, see [4] and the references therein. Recently, A. Saddi generalized
in [23] the concept of the numerical radius of Hilbert space operators and
defined the A-numerical radius of an operator T € B(H) by

wa(T) =sup {|(Tz,x)a|; z € H,||zlla =1} =sup{|A\|; A € Wa(T)},

where W4 (T) denotes the A-numerical range of T' which was firstly defined
by Baklouti et al. in [7] as

Wa(T) ={(Tz,z) 0 ; z € H,|lx], =1}
If T € Byi/2(H) then wy(T) < +oo and
1
L Tla < wa(@) < 17

Very recently, the A-Davis-Wielandt radius of an operator T' € B(H) is de-
fined, as in [18], by

dwa(T) = sup {\/|<Tx,x>,4|2 + | Tz||4; x € H, ||z||la = 1} :

Notice that it was shown in [18], that for T' € B(H), dwa(T) can be equal to
+o0o. However, if T € B 41/2 (), then we have

max{wa(T), [T4} < dwa(T) < \Jwa(T)? + T} < 0.

Recently, the concept of the A-spectral radius of A-bounded operators has
been introduced by the third author in [15] as follows:

1

ra(T) = inf 77§ = lim |77 (L5)
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We note here that the second equality in (1.5) is also proved in [15, Theorem
1]. An operator T € B 41/2(H) is said to be A-normaloid if r4(T) = ||T| 4.
Moreover, T is called A-spectraloid if r4(T) = wa(T). It was shown in [15]
that for every A-normaloid operator T' € B 41/2(H) we have

ra(T) = wa(T) = ||T| a- (1.6)

Obviously, (1.6) implies that every A-normaloid operator is A-spectraloid.

Throughout this paper, let T denote the unit cycle of the complex plane,
ie. T ={\ € C; |\| = 1}. Recall from [18] that an operator T € B 41,2 (H)
is said to be A-seminorm-parallel to an operator S € B 41/2(H), in short
T ||a S, if there exists some A € T such that |7+ AS||la = [|T]|a + ||5]a-
If A =1, then ||; will simply denoted by ||. Recall also from [27] that an
element T € B 41/2(H) is said to be A-Birkhoff-James orthogonal to another
element S € B 41/2(H), denoted by T' L5/ S if

IT+~S||, > | T, forallyeC.

Very recently, the A-Birkhoff-James orthogonality of A-bounded operators
has been investigated by Sen et al. in [24]. We mention also here that several
results covering some classes of Hilbert space operators were extended to A-
bounded operators (see, e.g., [10, 14, 15, 16, 18, 21, 27] and the references
therein).

The following lemma will be used in due course of time. Notice that the
proof of the assertion (i) can be found in [4]. Further, for the proof of the
assertions (ii) and (iii), we refer to [15]. In addition, the assertion (iv) has
been proved in [21]. Finally, the proof of last assertion can be found in [18].

Lemma B. Let T' € B(H). Then T € B 2(H) if and only if there exists a
unique T € B(R(A'Y?)) such that ZoT = TZ,. Here, Z5 : H — R(A'?) is
defined by Z x = Ax. Moreover, the following properties hold

@) TN = ||T||IB(R(A1/2))-
(i) ra() = ().
Gi) Wam =Wl
(iv) If T € Ba(H), then Tt = (T)*. o
(v) If T,S € Byi/2(H), then T ||a S if and only if T || S.

The remainder of the paper is organized as follows. In Section 2, we
present different characterizations of the notion of A-seminorm-parallelism.
Some of the obtained results cover and extend the work of Zamani et al. [26].
In particular, we investigate when the A-Davis-Wielandt radius of an operator
coincides with its upper bound. In section 3, we give another characteriza-
tions of A-seminorm-parallelism related to A-Birkhoff-James orthogonality.
Finally, section 4 is devoted to obtain some formulas for the A-center of mass
of A-bounded operators using well-known distance formulas.
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2. A-seminorm-parallelism

Our starting point in the present section is the following examples of seminorm-
parallelism in semi-Hilbert spaces.

Examples 2.1. (1) Let T,S € B1/2(H) be linearly dependent operators.
Then T |4 S (see [18, Example 3]).

(2) Let A = <é (2)> and T = (1) _01> be operators acting on C2. Then

for X =1, simple computations show that
|7+ ALlla = [Tl + 1 lla = 2.
Hence T ||a 1.
(3) Let A >0 and A, T, S : £*(N) — ¢?(N) be such that
S(f) = (/\1‘1, Ao, T3, Xy, .. .), T(E) = (0, Ao, T3, Ty, .. )

and

A(Z) = (0,22,0,0,...),
for every T = (w1,22,...,%p,...) € £2(N), where N denotes the set of
all positive integers. Clearly, A > 0. Further, it can be observed that
IT)|a =||Slla = A Now, let {e;};en be the canonical orthogonal basis
of H = ¢*(N). Then, we have

(T + S)(e2) % = 4X%.
Thus, 2X < ||T + S|[a < [|T[la + [IS]a = 2A. Therefore T' || 4 5.
In the following proposition, we state some basic properties of operator

seminorm-parallelism in B 41,2 (H).

Proposition 2.1. Let T, S € B 41/2(H). The following statements are equiva-
lent:

(1) Tllas.

(2) aT ||a aS for every a € C\ {0}.

(3) BT |la S for every 8,7 € R\ {0}

Proof. Notice that equivalence (1)< (2) follows immediately from the defini-
tion of A-operator parallelism.
(1)=(3) Assume that T ||4 S. Thus ||T + AS||la = ||T]|a + ||S||a for some
A€ T. Let 8,7 € R\ {0}. We suppose that 5 >~ > 0. Hence, we see that
IBTNla+ IvSlla = 18T + A(vS) | a

=[BT+ AS) = (B =7)(AS)[la

> [|B(T + AS)|la = [I(B = 7)AS]|a

=BIT + AS[a = (B=7)S5]la

=BT+ 1Sa) = (B =Sl

=[BT )4 + [IvS]la-

So, ||BT + A(vS)||la = ||BT||a + ||7S]|a for some A € T. Thus, 5T |4 ~vS.
(3)=(1) is trivial. O
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The following lemma is useful in the sequel.

Lemma 2.1. Let T, S € B 41/2(H). Then the following statements are equiva-
lent:

(i) T faS.
(ii) There exist a sequence of A-unit vectors {x,} in H (i.e. ||zn|la =1 for
alln) and X € T such that

lim (T, Szn)a = AT llS]a-

n—-+oo

In order to prove Lemma 2.1, we need the following result.

Theorem C. ([18]) Let T,S € B 41/2(H). Then, T ||a S if and only if there
exists a sequence of A-unit vectors {xy} in H such that

i [(Ta, S, 4] = 7] S (2.1)
Remark 2.1. In addition, if | T)|al|S|la # 0 and {z,} is a sequence of A-unit
vectors in ‘H satisfying (2.1), then it also satisfies

im ||Tz,|la=[Tlla  and im ||Sznlla = [I5] a-
n—+4oo n—+4oo

Indeed, for any € > 0 and n large enough we have
1T allSlla = [IS[allTznlla > (T, Stn)al = ISl T4 — &

Hence, liIJIrl ITznlla = [|T||a. Analogously, by changing the roles between
n—-+0oo
T and S, we obtain lim ||Sz,|la = ||S|a-
n—-+4oo

Now, we state the proof of Lemma 2.1.

Proof of Lemma 2.1. Assume that T' || 4 S, then by Theorem C there exists
a sequence of A-unit vectors {x,} in H such that

i [(Ta, Sza) 4] = T4 18] (2.2)

Suppose that ||T| , [|S]| 4 # 0 (otherwise the desired assertion holds trivially).
Since T is a compact subset of C, then by taking a further subsequence we
may assume that there is some A € T such that
Try,,S
LY
n—+oo (T, Stp) Al
So, by using (2.2) we get

<T$n7 an>A

li Txy,Stp)a = i Txyn, Sxp)al = AT 4||S] a-
i (T, Sa)a = T i e (T, Sau) al = ATl
The converse implication follows immediately by applying Theorem C. [

Our next goal is to characterize the A-seminorm-parallelism of opera-
tors in B4 (#H). To achieve this goal, we shall need some lemmas. In what
follows o(T'), 0o(T), r(T) and W(T) stand for the spectrum, the approxi-
mate spectrum, the spectral radius and the numerical range of an arbitrary
element T' € B(H), respectively.
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Lemma 2.2. ([20, Theorem 1.2-1]) Let T € B(H). Then, o(T) C W(T).

Lemma 2.3. ([22, Theorem 3.3.6]) Let T' € B(H) be a normal operator. Then
there exists a state ¥ (i.e. a functional ¥ : B(H) — C with ||¢p]] = 1 and
Y(T*T) >0 for all T € B(H)) such that Y(T) = ||T|.

Now, we are in a position to prove the following result.

Theorem 2.1. Let T,S € Bs(H). Then the following statements are equiva-
lent:

(1) TlasS.

(2) ra(S*AT) = ||S*4T |4 = | T*2S]a = IT)a ||S] a-

(8) T*AT ||a T*4S and |T*4S|la = ||T||a [|S]] a-

(4) [IT*(T + AS)la = TN a(l|T[|a + [|S||a) for some X € T.

Proof. (1)=-(2) Assume that 7' ||4 S. If AT = 0 or AS = 0, then by using
(1.4) we can verify that the assertion (2) holds. Suppose that AT # 0 and
AS # 0, ie. |T||, # 0 and ||S||, # 0. Since T' ||4 S, then by Lemma 2.1,
there exists a sequence of A-unit vectors {z,} in H satisfying

im (T, Sxn)a = A|T]|a[[S]|a, (2.3)

n—-+4oo

for some A € T. This implies that

lim R (T, AS2a) ) = [T 4 S]] 40 (2.4)

n—-+o0o

where R(z) denotes the real part of z € C. Moreover, by using the Cauchy-
Schwarz inequality it follows from

IT1A NSy =, Yim_[(Tn, Sza) s < T [Talla [Sla < IT]L4 1S]4-

This immediately implies that lirf |Txpl|a = ||T| 4. In addition, by similar
n—-+0oo
arguments as above, we obtain lirf |Sznll4 = [IS|l4- So, by taking into
n—-+0oo

consideration (2.4), we see that

1Tl 4 + 11514 2 IT + AS]

2

. 2
> (i I +38)2 )

=

. 2 2
> (i (Il + 2R (T, AS2,) ) + 15515 )

1
2
= (W% + 20SUANT I+ UISI%) " = IT )L+ S]]
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Thus, we infer that |7+ XS||, = ||T]| 4 + ||S|| ,- Hence, it can be observed
that

(1714 + 1S114)* = IT + AS|%
= (T + A8)*(T + A9)|1a
<\ T*AT |4 + [AT*4 S|4 + [ASFAT |4 + [[S*4.5]| 4
< |TWA + 20T 1Sla + 11S11%
= (IT)|a +15]14)%
This implies that || T%4S5]| 4 + || S*4T|| 4 = 2||T||||S||. On the other hand, one

observes that PrzyA = APgrzy = A. Moreover, by (1.4), we see that
I7#5a = 15 P T Pl a

= sup { [{A Py, (S Pro Do)l o,y € H, llzlla = llylla =1}
sup { (54 Py T, y) als @y € M, flalla = lylla =1}
= sup {|(APgs T, Sy)l; v,y € A, [lalla = ylla =1}

sup {[(S* T, y)al; z,y € H, |lzlla = llylla =1}
= || ST | 4.

Hence, we deduce that
IS#4T |4 = IT* S|4 = ITll.4 | S| - (2.5)
Moreover, by using the Cauchy-Shwarz inequality, we see that
IT|allSla= lim [(Tan,Szn)al
n—-+oo
< lim |[S*ATz,|a
n—-+oo
< [1S*F4T)la = T4 S|4,
where the last equality follows from (2.5). So, we have

Jim (1584 T[4 = (T4 [1S]].a- (2.6)

On the other hand, it can be observed that
I(S*AT = AT || a ISl aD)anl% = 1S4 T w5 + [T 11515
= 2| T[4 IS aR (MTzn, Szn) a) -
So, by using (2.3) together with (2.6) we get

lim H (sﬂAT — ATl HS||AI)xn

n—-+o0o

This implies, thought (1.2), that

=0.
A

R(A1/2)

i

lim [[A(S54T < XIT)4 IS ) AT )

n—-+oo
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So, by using Lemma B we get

tim_[| ()T = ATl Sl alnarrs) ) Az

n—4o0o

R(A1/2) -

Since || Az |l 172y = [@n]la = 1. Then, [T 4 [[S]l4 € o ((5)*%). So,

1714 lSI1a < 7 ((8)T) = r(S44T) = ra(§%7),

where the last equality follows from Lemma B. Further, clearly r4(S*T) <
IT]|.4 ||S]|a- This proves, through (2.5), that

ra(S¥T) = |T||la ||S]a = 54T ][4 = |T* S| a,

as required.
(2) = (1) Assume that (2) holds. Then, by applying Lemma B we can
see that

r(()T) =Tl 5]

Hence, there exists \g € o ((@*T) such that |Ag| = [|T]|a|S]la. So, by

Lemma 2.2 together with Lemma B, we have
Xo €W ((5)*%) — Wa(SEAT).
Thus there exists a sequence of A-unit vectors {z,} in H satisfying

lim (T, STp)a = Ao.

n—-4o0o

This immediately proves the desired result by applying Theorem C.
(1)=(3) Assume that T' |4 S. Then, by Lemma 2.1 there exist a sequence of
A-unit vectors {x,,} in H and A € T such that

lim (T, Szn)a = AT llS]a-

n—-+oo

So by proceeding as in the implication (1)=-(2), we obtain ||T 4+ AS||a =
IT|l4 + IS4 and || T#4S||4 = || T4 ||S|| 4. This implies, by Lemma B, that

1T+ ASlB®earsz)y) = ITIrear2) + [1SllBwar/zy) (2.7)
and
I(T)*Slemarzy) = 1T emar2)) 1Sls@ar2y)-

Since (T4 AS)*(T + AS) is a normal operator on the Hilbert space R(A/2),
then by using Lemma 2.3, we deduce that there exists a state 1) such that

¥ ((’T“ + AS)*(T + >\§)> = (T + AS)*(T + AS)||prar/2y
= Hf + /\§||]QB;(R(A1/2))

~ ~ 2
= (HT||]B(R(A1/2)) + HSHB(R(AM))) ;
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where the last equality follows from (2.7). Thus

2
(”T”IB R(A1/2)) + ||S||IB A1/2)))
—w(( )T+ \T)* S+X(§)*T+(§)*§)
< (D) Tllpmearay + IMD)*S + XS) Tlsmearzy + 1(5)*Slamiaiey)

< HTH]%(R(A1/2)) + 2HT||]B3(R(A1/2)) ”SHB(R(AU?)) + HS”B(R(AU?))
~ ~ 2
= (HT||]B(R(A1/2)) + HS||B(R(A1/2))) .

So ¢ (D)'T) = (@) Tllemiarzy and @ (MD)'5) = 1(T) Slecriaray)-

Therefore, we have
||(f)*f|\B(R(A1/2 + (D) 5||]B R(A1/2))
= ((T)'T + NT)"S)
< ()T + )‘(Tv)*'g”B(R(AlM))
< D) Tllriarsay + 1) Slsare)-
Hence, we deduce that
(D) T + MT)*Slamear=y = 1) Tllagarey + (1) Slsmara),

—_~—

for some A € T. Thus (T)*T || (T)*S which implies that T#T || T#4S. So,
by Lemma B(v), T#AT || 4 T#4S.

(3)=-(4) Follows obviously.

(4)=>(1) Assume that ||T%4 (T+AS)||a = |T|a(|T||a+]S]|a) for some A € T.
Then we see that

ITNA(T (L4 + 1S]La) > IT*4 4T + AS |4
> | T*(T + AS)]|a
= 1T a(lTNa + [[S].4)-

So, if AT # 0, then [|T + AS||a = ||T]|a + ||S]|a which yields that T ||4 S.
Furthermore, if AT = 0, then by taking (1.4) into account, we prove that
TlasS. O

Corollary 2.1. Let T,S € B4(H). The following conditions are equivalent:

(1) T']la 5.
(2) wa(S*AT) = ||S¥4T |4 = || T# S|4 = || Tl| 4 |S]a-

To prove Corollary 2.1, we need the following Lemma.

Lemma D. Let T € Bo(H). Then T is A-normaloid if and only if wa(T) =
1T a-

Now, we state the proof of Corollary 2.1.
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Proof of Corollary 2.1. (1)=(2) Assume that T" |4 S. Then, by Theorem
2.1 we have r4(S*AT) = ||S*AT||4 = [|[T#4S||a = ||T||a||S||a. In particular,
S#AT is A-normaloid. So, by Lemma D, w4 (S#T) = ||S*AT|| 4.

(2)=(1) Assume that w4 (S*¥T) = ||S*aT||a = |[T*4S||a = ||T||a ||| a-
In particular, by Lemma D, we conclude that S#4T is A-normaloid. So, by
[15, Proposition 4] there exists a sequence of A-unit vectors {x,} such that

; fa — ||qfa ; fa — fa
im0, Ly = [Ty and |l |(S T, 0,) 0| = wa(S5T).

This implies that

lim [(Twn, Sap) 4| = T[4 [lS]a-

n—-+oo

Thus, by Theorem C, we conclude that T |4 S. O

Next, we investigate the case when an operator T' € B 4(H) is A-parallel
to the identity operator.

Theorem 2.2. Let T € By (H). Then the following statements are equivalent:

(1) Tlal.
(2) T ||la T
(3) THAT || TH.

Proof. (1)<(2) Assume that T |4 I. Then, by Lemma B (v), T || Ig(a1/2y-

SO, HT + )‘IR(Al/Z)HB(R(Al/Q)) = ”fHB(R(Alp)) + ]., for some A € T. Then by
Lemma 2.3 there exists a state v such that such that

Y ((T + Mg ar) (T + MR(AW)))
= l(T + Mg a1/2))" (T + Mg ar/2)) [ priar2)
= IT + Mr a2 lgmear2)

~ 2
= (ITsreary +1)

So, we see that

(HTH]BS(R(AU?)) + 1)2

= ((Tv + )‘IR(A1/2))(T + )‘IR(A1/2))*)

= v (T(T)") + 6 (T) + v (MD)*) +1

< ”f(f)*”B(R(Al/Q)) + HXTHIB(R(AW)) + ”)‘(T)*”B(R(AUQ)) +1

~ ~ ~ 2
= I3 rarrey) + 20T scrarsy + 1= (1T Iscearay +1)
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Therefore 1(XT) = 1) (A(T)*) = ||1~“||]B(R(A1/2)). This yields that

I Tllsraray + 1) sgraray = v (XT+A(T)")
< |INT + AT
= ||T + X(T)* |lpm(arz))
< HTHB(R(AU?)) + (D) lB(m(a1/2))-
Hence,
1T+ X2 Ingrcarray = 1T ls@eaiey + 1) lsmeara)),

in which A\2 € T. So T || (T)*. This implies, by Lemma B, that T | Tta
which, in turn, yields that T || 4 T#4.

Conversely, assume that T ||4 T%4 this implies, by Lemma B, that
T || (T)* which, in turn, yields that

1T+ AT)*[srearzy = 20T swrear2y),

for some A € T. Since T + )\(T)* is a normal operator on the Hilbert space
R(A'?), then by Lemma 2.3, there exists a state 1 such that

o (T+AT))| =
Hence, we obtain

20T ey = [ (T+MD)*)| < 200(D)] < 20T lsriarey-

This implies that [¢(T)| = HT||B(R(A1/2)) So, there exists a number § € T
such that (T) = 6HT||B(R(A1/2)). Thus, we deduce that

HT”B(R(AU?)) +1=9 (T + Ir(a1/2))
< H‘ST + IR(A1/2 ”IB R(A1/2))

IT + M) lsriairzy) = 20T lsm(aiz)-

= ||IT + a2y llBmear/z)) < I (R(A1/2)) T L.

So Hf—F 6IR(A1/2)H]B§(R(A1/2)) = ||T||IB(R(A1/2)) + 1. This 1mmed1ately 1mplies
that T || Ig(a1/2). Hence, T || I as required.

(1)<(3) Follows from Theorem 2.1.
O

In the next two theorems, we give some characterizations when the
A-Davis Wielandt radius of semi-Hilbert space operators attains its upper
bound for operators in B 41,2 (H) and B4 (), respectively.

Theorem 2.3. Let T € B 41,2(H). Then, the following assertions are equiva-
lent:

(1) dwa(T) = \/wa(T)* + | TI%-

(2) Tal.

(3) T is A-normaloid.
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(4) wi(T)A > T*AT.
Proof. The equivalences (1) < (2) and (2) < (3) have been proved in [18].
(3) & (4) : By Lemma D, T is A-normaloid if and only if ws(T") = ||T]|a. On
the other hand, it be observed that
wa(T) = [[T[|a < | Tz][a Swa(T)|z]la, Vo eH
& [Tz} < wa(T)?|l=|l, Yo e H
S (T* ATz, x) 4 < (wa(T)*z,x)0, VT €H
& ((T*AT — wa(T)?A)z,2) <0, Vo € H
e Wi (T)A > T*AT.
This achieves the proof. O

Theorem 2.4. Let T € Bo(H). The following statements are equivalent:

(1) dwa(T) = wi(T) + I TI4-

(2) There exists a sequence of A-unit vectors {x,} in H such that

Jim (T, 20 4] = T

(3) There exists a sequence of A-unit vectors {x,,} in H such that

lim [(TT* T, z0)a| = ||T]%.

n—-+o0o

(4) wa(T?) = |IT%-

Proof. (1) < (2) : By Theorem 2.3, we have dwa(T) = /w4 (T) + || T if
and only if T' ||4 I which in turn equivalent, by Theorem 2.2, to T ||4 T%4.
On the other hand, in view of Theorem C, we have T |4 T#4 if and only if
there exists a sequence of A-unit vectors {x,,} in H such that
lim (T, T*zp)a] = ||T)|all T .
n—-+oo
So, we reach the equivalence (1) < (2) since ||T||a = ||T%4]| .

(1) & (3) : By proceeding as above and taking into consideration
Theorem 2.2, we deduce that dwa(T) = /w5(T)+ ||T||% if and only if
T*AT |4 T*4 which is in turn equivalent, by Theorem 2.2, to the existence
of a sequence of A-unit vectors {x,} in H such that

Hm (T T, T z,) 4| = | T*AT || 4l|T* || a-

n——+oo

So, the desired equivalence follows since | T#4 (|4 = || T||a = /|| T%4T|| 4 and
(T*A Tz, T*x,) 4| = (TT*A Tz, ) al.

(1) & (4) : If dwa(T) = VWi (T) + ||T||4, then by Theorem 2.3 T is
A-normaloid. This implies that T is A-spectraloid. So, by [15, Theorem 6]
wa(T?) = w%(T). Conversely, assume that ws(T?) = ||T||%. This implies
that the assertion (2) holds and so (1) holds. O
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For x,y € H, we recall from [6] that the A-rank one operators is given
by

2RaYy:H—=>H, z—= (2 ®4y)(2) == (2,y) az.
A characterization of the A-parallelism of z ® 4 y and the identity operator
is stated as follows.

Theorem 2.5. Let x,y € H, the following conditions are equivalent:

(1) z@ayllal.

(2) dwa(z ®ay) = Vwi@®ay) +lz @ayllh-

(3) The vectors A2z and A2y are linearly dependent.
(4) The vectors Ax and Ay are linearly dependent.

To prove Theorem 2.5 we need the following lemma.

Lemma E. ([6]) Let x,y € H. Then, the following statement hold:

(i) lz@aylla = llz]ally]a-
(it) wale ®ay) =5 (@,y)al + 2] allylla).

Now we are ready to prove Theorem 2.5.

Proof of Theorem 2.5. (1) < (2) : Follows immediately from Theorem 2.3.
(2) < (3) : By the equivalence (2)<(3) of Theorem 2.3 we infer that

dwa(r ®ay) = \/%24(3? ®@ay) +llz@ayllh & walz@ay) = llz@aylla
Moreover, by using Lemma E, we see that
wa(z@ay) = llz®aylla & 5 (2, y)al + lzllallylla) = [z allylla
& [z, y)al = llzllallylla

On the other hand |(z,y) | = ||| a]|y||4 if and only if the vectors A'/?z and
A2y are linearly dependent.

(3) < (4) : This equivalence follows immediately since A'(A) = N (A'/?).
Hence, the proof is complete. Il

3. Further characterizations of A-seminorm-parallelism

Our aim in this section is to give further characterizations of A-seminorm-
parallelism via A-Birkhoff-James orthogonality of A-bounded operators. Our
first result in this section reads as follows.

Theorem 3.1. Let T, S € B 41/2(H), then the following conditions are equiva-
lent:

(1) Tas.
(2) T LB7||S||AT — A|T|| 4S8, for some X € T.

(3) S LET N|T||aS — ||S||aT, for some X € T.
In addition, if |T||al|S]la # 0, then (1) to (3) are also equivalent to
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(4) There exist a sequence of A-unit vectors {z,} in H and A € T such that

T
ITlag, | o
151414

(5) There exist a sequence of A-unit vectors {x,} in H and A € T such that

S
lim ||Tzp|la=|T)la and lim | Sz, — A ” HATacn =0.
n—-+oo n—-+oo ||THA A

lim ||Szplla =|Sla and lim ||Tx, — A
n—+oo n—+00

In order to prove Theorem 3.1 we need to recall from [27] the following
result.

Theorem F. ([27]) Let T, S € B 41/2(H). Then, T LB7 S if and only if there
exists a sequence of A-unit vectors {xy} in H such that

ngrfooHT:vnHA =|T|, and ngrfoo<Txn,an>A =0.
Now, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. (1) < (2) : Assume that T |4 S. If ||S]|la = 0, then
by using (1.4) it can be seen that the assertion (2) holds. Now, suppose that
IS4 # 0. Since T || 4 S, then by Lemma 2.1 there exist a sequence of A-unit
vectors {z,,} in H and X € T such that

lim (Txp,Szn)a = AT allS]a-

n—-+oo

So, by Remark 2.1 lim ||[Tz,||a = |T||a. Furthermore, we see that
n—-4oo

i (T, (1S]aT = AT 4S)za) a
= T [Sa|Teal3 = XIT) (T, S0 a
— ISILAITI% — ITI3]IS]a = o.

Thus, in view of Theorem F, the second assertion holds. Conversely, assume
T LB7 ||\S[|aT — M||T|| 48, for some A € T. If |T||a = 0, then obviously
T ||a S. Suppose that || T||a # 0. By Theorem F, there exists a sequence of
A-unit vectors {y,} in H such that

Jm (| Tyalla =ITlla and  lm (Tyn, ([SlaT = AT 4S)yn)a = 0.
Then, we deduce that

lim (Tyn, Syn)a =

— i SllallTynlll = AT allS) 4
Jim T o ISl Ton 5 = AT ]4l1S

(1) & (3) : The proof is analogous to the previous equivalence by changing
the roles between 7" and S.
(1) © (4) : By Lemma 2.1 and Remark 2.1, there exist a sequence of A-unit
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vectors {x,} in H and A € T such that EIE (Tp, Szn) = AT allS]| 4,

hm ITznlla = |IT||a and lim || Sz,|la = ||S] 4. So, since
n— n—~+00

2

HTxn — )\”THASacn
e
T a T a T2
~ 720l ~ M2 (72, S0~ MEL (50, 7,0 LD 52
A

then we deduce that lim ‘Twn AT Sz,
n— oo ST a

that (4) holds. Then, we see that

1Slla+ T[4 = T 4+ AS||a
> [Tz, + )\anHA

2
L 0. Conversely, suppose

[l
A A A
> H)\S:rn +)\”T”A5mn - HT:cn - A”T”Aan
S|4 S|4 A
Sz 4 H 1T a
= (||S)|la + || T — Tz, — X S,

By taking limits, we get ||S||a + [|[T']|a = ||T + AS|la. Then T' ||4 S.
(1) < (5) : The proof is analogous to the previous equivalence by changing
the roles between T and S. O

Corollary 3.1. Let T € Ba(H). Then the following statements are equivalent:
() Tal.
(2) TP ||a I for every p € N.
(3) TP ||a (T*4)P for every p € N.

Proof. (1)=(2) Assume that T' |4 I. Then, by Theorem 3.1, there exists a
sequence of A-unit vectors {z,} in H and A € T such that

lim ‘ Ty — N|T|azn|| = 0.
n—-+oo A
For every ¢« € N we have
| @ = XTI ) @)
= |7 @ = NITIs L) 2+ NI (@ = AT D) 20|

< IT)a |[(TF = N T s D)

Ti
LTI

T—-MT|al)xn
(T = AT al)a|,

So, by induction, it can be shown that for every p € N we have

lim H(Tp — N TP

n—-+oo

=0 (3.1)
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This implies, by Lemma B, that

; T\P _ \P P
lim H ((T) A ||T||AIR(A1/2)) Arg||| e =

n—-+oo

for every p € N. Hence, \P||T||"} € o, ((T)p) So, we obtain
~ ~ ~ ~||P
TR CUE] (4 WS [ S

1T gy <7 (@) < [P, sy < [ Plsiney

Thus, an application of Lemma B(i) gives |||y = || T?]|a. So, by taking into

consideration (3.1), we get

lim H(TP NP TP aD)n

n—-+oo

:07
A

for every p € N. Therefore, by Theorem 3.1, we get TP ||4 I.
Now, the implications (2)=-(3) and (3)=-(1) follow immediately by using
the equivalences of Theorem 2.2. O

Remark 3.1. Notice that the equivalence (1) < (2) in Corollary 3.1 holds also
for A-bounded operators.

A special case of A-seminorm-parallelism between an A-bounded oper-
ator T € B 41/2(H) and the identity operator, is the following equation:

1T+ Illa=T[la+1. (3-2)

If T € Byi2(H) and satisfies (3.2), we shall say that T satisfies the A-
Daugavet equation. We remind here that the first person who study (3.2) for
A = I was 1. K. Daugavet [11]. The equation is one useful property in solving
a variety of problems in approximation theory. Abramovich et al. [1] proved
that T € B(H) satisfies the I-Daugavet equation (respect to the uniform
norm) if and only if ||T|| lies in the approximate point spectrum of 7.

In the following theorem we shall characterize A-bounded operators
which satisfy the A-Daugavet equation.

Theorem 3.2. Let T' € B 41/2(H). Then the following conditions are equiva-
lent:

(1) T satisfies the A-Daugavet equation, i.e. ||T + I||a = ||T|la + 1.
(2) T4 € Wa(D).

(3) I LG7|T|lal - T.

(4) T L5/ T — |T|aL.

Proof. (2) = (1) Assume that ||T||4 € Wa(T'). Then, there exits a sequence
of A-unit vectors {z, } in H such that lirf (Txn, zn)a = ||T]|a. Thus
n—-+0o0

lim Rz, 20))a = |IT]| - (3.3)

n—-+oo
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Further, since
I + 20T @, ) 4| + 1 < T + 20Tl 4 + 1
<TG + 20T 4 + 1= (1T, + 17,
for all n € N, then we get
[Tznlla = 1T 4- (3.4)

lim
n—-+oo
Hence, by using (3.3) together with (3.4) we see that
(IT1a+1)% = lim [Ty} +2 lim R(Tzp,w0)a) + 1

(T+ Dol < |17+ 1% < (IT) 4 +1)%.

lim ||
n—-+oo
So [T+ 14 = [T 4 + 1.

(1) = (2) Suppose that | T+ I||a = ||T]la + 1. Then, by (1.3) there
exists a sequence of A-unit vectors {x,} in H such that

lim ||Tan 4 anlla = ||T)|la+ 1. (3.5)
n—-+oo

Since
Txn + znlla < || Txp|la+1 < ||T)a+1,
then, by using (3.5), we conclude that

lim |[Taalla = 7). (3.6)

On the other hand, since
[Ty + xnl|% = 1 T2n % + 1+ 2R(T2pn, ©0) ),
for all n € N, then it follows from (3.5) together with (3.6) that
im R(Tr20)0) = [T, (37)

for all n € N. Further, if 3(z) denotes the imaginary part of z € C, then for
every n € N, we see that

R (T, wn)a) < RE(Txp,w0) a) + (T, w0) ) = [(Tn, 20) 4> < IT-
So, by (3.7), we infer that ll)rf_l S({(Txy, Sxn)a) = 0. This yields, through
(3.7), that

nEr-&I-loo<Txn7mn>A =17l 4-

Thus, we conclude that ||T']|4 € Wa(T).

(1) & (3) Assume that T satifies the A-Daugavet equation. Then, by
the equivalence between (1) and (2), we have || T||4 € Wa(T). So, there exists
a sequence of A-unit vectors {z,} in H satisfying

lim (Tzp,2n)a =T a- (3.8)

n—-+oo

This implies that

lim [[Iz,||a=]I]la=1 and lim (T —||T||al)xn, zn)a =0,
n—-+4oo n—-+o0o
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then by Theorem F, we have I L5 ||T|| 4l — T. The converse is analogous.
(1) & (4) Assume that T satifies the A-Daugavet equation. Let {x,} a se-
quence of A-unit vectors in H satisfying (3.8). Then

1T a 2 I T2nlla = (Tan, zn)al = T4 —e,

for any ¢ > 0 and n large enough. Hence, HIE |T2nl|a = [|T]|a. Futher-
n—-+oo
more,

lim (Tan, (T = |Tllal)wn)a = Hm | Tw|% = [Tlla(Tzn, 2n)a =0,

n—-4oo

So, by Theorem F, we deduce that T L5/ T — ||T||4I. Conversely, assume
that T LB T — ||T||al. If ||T||4 = 0, then by using (1.4) we see that the
assertion (1) holds trivially. Now, suppose that ||T||4 # 0. By Theorem F,
there exists a sequence of A-unit vectors {y,} in H such that

i [Tyl =T and i (Tye, (70— [T 4Dy} =0
So, it follows that

Hm (Tyn,yn) m [Tyl = |Tla,

oo 1Tl

ie. |T)|a € Wa(T). Hence, by the equivalence (1)<(2), the assertion (1)
holds. Therefore, the proof is complete. O

4. A-Bikhorff-James orthogonality and distance formulas
We begin this section by recalling from [27] the following definition.

Definition 4.1. Let T, S € B 41/2(H). The A-distance between T and S, de-
noted by da(T,CS), is defined as

da(T,CS) := inf || T + 75| 4
v€eC
Our first result in this section provides an upper bound for the nonneg-
ative quantity ||T||3 — w?%(T), with T € B 41/2(H) related to da(T,CI).
Theorem 4.1. Let T € B 41/2(H). Then,
ITI% — w4(T) < di(T,CI). (4.1)
Proof. Notice first that for any a,b € H with b # 0, we have

lall[[b* — I{a, b)*
1612

inf [ja — \b||*> =
AeC

This implies that
lall* 1611 = [{a, b)[* < [[b]1*la — Ab]|?, (4.2)

for any a,b € H and A € C. Let 2,5y € H and A € C. By choosing a = A%z
and b = A2y in (4.2), we obtain

Il lyll% = [, y)al? < llylille = Ayll, (4.3)
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Now, by choosing in (4.3) x = Tz and y = z with z € H, ||z||la = 1, we get
IT2l% = (T2, 2)al* < T2 = Azl
By taking the supremum over all z € H with ||z||4 = 1, we obtain
T3~ A(T) < g |7~ AL,
This finishes the proof of the theorem. O

Remark 4.1. Notice that the third author proved in [17, Theorem 2.22.] that
for every T € B 41,2(H) we have

WAT) < 3(walT?) + [TI). (14)
So, by combining (4.4) together with (4.1), we obtain
WD)~ walT?) < 3 (T4~ wa(T?) < |71 — walT?) < d4(T,CI),
for any T € B 41/2(H).
Next, we recall from [27] that the A-minimum modulus of an operator
T € Byi/2(H) is given by
ma(T) =inf {| Tzl 45 @ €H, fol, =1},

This concept is useful in characterizing the A-Bikhorff-James orthogonality
in B 41/2(#H). More precisely, we have the following result.

Theorem G. ([27, Theorem 3.2]) Let T, S € B 41/2(H) with m(S) > 0. Then
there exists a unique tg € C such that
(T — toS) + S|4 = (T — toS)|4 + [y[*mA(S), (4.5)
for every v € C. Futhermore, such ty satisfies the following property
|IT —toS||a =da(T,CS).
Inspiring from the definition of center of mass in the case of Hilbert space

operators due to Barra and Bouzmagour (see [5]), we define the following new
concept.

Definition 4.2. Given T,S € By1/2(H) with ma(S) > 0. The A-center of
mass of T relatively to S, denoted by ca(T,S), is defined to be the unique
to € C specified in Theorem G. That is

T — ca(T,S)S||a =da(T,CS).
For a given T,S € B 41/2(H) with m4(S) > 0, Zamani proved in [27,
Theorem 3.4] that
Tx,Sx)al?
.8 = s (jpaly - L2040, (16)
Jella=1 15| 1%

One of the methods to compute the center of mass of an operator is Williams’s
theorem [25]. However, it is not usually easy to determine the exact value of
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it even in the finite dimensional case. In what follows, we investigate how to
determine explicitly the number c4 (T, S).

Theorem 4.2. Let T,S € B 41/2(H) with ma(S) > 0. Then

. (Txy, Stp)a
T,8) = lim ~—om2on/A
CA( 7S) n~1>51~100 H‘S’an?q )

where {x,} be a sequence of A-unit vectors, approximating the supremum in
(4.6).

Proof. By the hypothesis, m4(S) > 0, we can conclude that | Sz|s >
ma(S) > 0 for all z € H with ||z||a = 1. For sake of simplicity we de-
note c4 = ca(T, S). Let {z,} be a sequence of A-unit vectors, approximating
the supremum in (4.6). Then

T.Tn7SIIJn A ?
W — callSaala
T2y, Sxn)al?

= e OR((Twp, caSzn)a) + |cal?|| Sz,
o T (« )4)+ lealPlSznl

(T2, Sxn)al?
1Sz 1%

T2y, S2n)al?

152 1%

= (T = caS)aalls — | Taal% +

ST = cad)IFa = I Tanll% +

As ||Sz||a = ma(S) for any ||z||4 = 1, we obtain the following inequality

(Tp, Stp)a 1 (Txp, Szp)a
([ S ||% ~ ma(9)

— cal|Szplla| 2225 0.

—ca

1Szl
O

Two particular cases of the special interest are considered in the next
statement, first one when S = T#4 and later when in addition 7" is A-normal.

Corollary 4.1. Let T € B4(H) with ma(T*4) > 0. Then

2
A _ . <T xnaxn>A
CA<T7 T ) ngr—{-loo HTﬁAxn”% )

where {x,} be a sequence of A-unit vectors, approzimating the supremum in
(4.6). In addition, if T is A-normal, then |ca(T,T#4)| < 1.

The following theorem is a natural generalization of a result due to Fujii
and Prasanna in [19].

Theorem 4.3. Let T € B 41/2(H). Then
WA(T) cD (CA(Tv I), dA(T, (CI)) y

where D(Ao,70) denotes the closed disc centered at Ao and with radius 1.
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Proof. We split the proof in two cases.
Case 1: c4(T,I) = 0 i.e. da(T,CI) = ||T||a. Then for any x € H with
lz||la = 1, we have

[(Tz,z) sl <wa(T) < ||T)|a =da(T,CI). (4.7

Case 2: co(T,I) #01i.e. da(T,CI) = ||T —ca(T,I)I]a. Let us consider
To:=T —ca(T,I)I. Then Ty € B 41/2(H) and ca(To, ) = 0. Applying (4.7),
we obtain for any x € H, ||z|ja =1

(Tz,2) 4 — ca(T, )| = [(Tox, x)a| < [|Tolla = da(T,CI).
This completes the proof. (I
Proposition 4.1. Let T € B 41/2(H). Then
da(T,CI) < ||T||ada(I,CT). (4.8)
Proof. Let x € H with ||z||4 = 1. One observes that
aa(T)|Tala < [(Tz,z)al,

where a4 (T) = inf {M N Tylla 20, ylla = 1} i || T[4 # Oor au(T) =

ITylla
0 if [|T]|a = 0. Thus, we see that

IT|% = (T2, 2)al* < (1= o4(T) | T2l < di(I,CT) T3

Now, calculating the supremum of the both sides, over all x € H with ||z||4 =
1, we complete the proof. O

Remark 4.2. By combining (4.1) together with (4.8), we obtain
T — wi(T) < d4(T,CI) < | TI%d4(1,CT).
Corollary 4.2. Let T € Bu/2(H). If T LBV 1, then I 157 T.
Proof. By (4.8), we have
IT)|a = da(T,CI) < | T||ada(I,CT).

So, if HTHA 75 0, then 1 < dA(I,CT) < ||I||A =1, i.e. dA(I, CT) = ||I||A =1.
On the other hand, if ||T||4 = 0 then | Tz||a = 0forall z € H, ||z||a = 1.
From [27, Theorem 3.4], we have that

d4(1,CT) = sup{||Iz[% ; [|lzlla = 1} = 1 = ||| .

In conclusion, in both cases, we obtain that I 157 T. g

The converse of the previous result is false in general, as we see in the
next example

Example 4.1. Consider in H = C? with the usual uniform norm and let
1 00

{e1, ea,e3} be the canonical basis for H. Let A= |0 1 0| . Then A= Py
0 0 O
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the orthogonal projection on M = gen{ei,es} and A2 = A* = A. Now,

2 0 0
consider T= 10 —1 0| €By1/2(H). Let © = aey + Pea + ves € H then
0 0 1

% = [I(c, B, 9% = (2, 2)a = (Az, Az) = [|Az]* = |a*+[5]* = ||, B

Observe that ||(o, B,7)||4 = 1 if and only if ||(cv, B)||?> = 1. Further, we have

ITI% = sup{||Tz[|% : @ € C°, |a]|a = 1} = sup{||ATz|* : 2 € C°, ||| 4 = 1}
=sup{||Tz|*: 7 € C*, ||z =1} = |[T|* = 4,

2 0

where T = (0 1

then

) € B(C?). If I,, denotes the identity operator in B(C™),

= 3
inf ||T — AT = inf |T — A\L|| = = Ta=2
f [T~ Ay L4 = f [T~ AL| = 5 < T4 =2,
i.e. T is not A-Birkhoff-James to I3. On the other hand,
inf ||[Is — AT||4 = inf ||l = AT||=1=||I5]ja =1
inf [lIs = AT|la = inf |1z — AT| 34 =1,
that is I3 J_EJ T.

The following result relates A-Birkhoff-James orthogonality with the
attainment of the lower bound of the A-Davis-Wielandt radius.

Theorem 4.4. Let T € B 41/2(H) such that dwa(T) = max{wa(T),||T|%}-
Then T LB T.

Proof. We separate in two different cases.
Case 1: Suppose dwa(T) = ||T'||4 and take a sequence of A-unit vectors
{Yn }nen such that lirf I Tynll% = IT|%. Then
n—-+0oo

2
ITynll% < \/|<Tyn,yn>,4| | Tynllh < dwa(T) = |ITI%-
Therefore, we infer that lirf KT Yn, Yn) A|2 = 0. This is equivalent, by The-
n—-+40oo

orem F, to T L4, 1.
Case 2: Suppose dwa(T) = wa(T) and take a sequence of A-unit vectors
{2n }nen such that hlf [(Tzpn, zn) 4| = wa(T). Then
n—-+0oo

T2y 20) l € A 1T 20y 20) P + [T 20l < dwoa(T) = wa(T),
therefore, HEIEDO | T2, = 0. But
[(Tzn, 2n) 4l < | T2n[a =0,
thus wa(T) =0 and | T||la =0 < ||T 4+ M| 4 for every A € C. O

We arrive to the next conclusion as a combination of Corollary 4.2 and
Theorem 4.4.
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Corollary 4.3. Let T € By1/2(H) such that dwa(T) = max{wa(T),||T|%}-
Then T LB7 I and I LB/ T.

Remark 4.3. If T = x®4 y with ||z|| 4, |y]la # 0, the attainment of the lower
bound of dwa(T) implies that x L4 y.
Indeed, first of all, if u,v € H, then one may observe that

1
3 (Cw, v)al + llullallvlla) < Jlullallolla-

So, if dwa(T) attains its lower bound we may assume that dwa(T) = |T|4 =
2|4 |lyll%4. Then, we see that

Yy Yy Y ,
7L T P | L
< [yl Hy||A>A ‘<m ||Z/||A> <||yHA Y)al = ‘”y”i@ y)allylla
= |<xay>A|’
and
y 4
T
‘ lyllall s ||y||4 1w w) azll’y = Iyl =0,

Therefore, we have

y Y
T2
\/’< 1yl HyllA>A

In particular, we obtain that

dwi(T) > [{w,y) 4 I + lyllalloll4-
Since by hypothesis, dwa(T) = ||z||4|ly||4, then it follows that ||z|/%||lyl|% =
dw?(T) > [{z,y) 4 > + |24 1lylly. This clearly forces (x,y), = 0. Hence,
T lavy.

N R PTETY

H llyllalls
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