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Introduction

Let H be a separable Hilbert space, D(B(H)ah) the anti-Hermitian
bounded diagonals in some fixed orthonormal basis and K(H) the compact
operators (B(H) is endowed by usual operator norm ‖ · ‖). We study the
subgroup of unitary operators

Uk,d = {u ∈ U(H) : ∃ D ∈ D (B (H))ah /u − e
D ∈ K(H)}

in order to obtain a concrete description of short curves in unitary Fredholm
orbits Ob = {eKbe−K : K ∈ K(H)ah} of a compact self-adjoint
operator b with spectral multiplicity one. We consider the rectifiable
distance on Ob defined as the infimum of curve lengths measured with the
Finsler metric defined by means of the quotient space
K(H)ah/D(K(H)ah).

Previous results

Minimality and best approximation in B(H)

I Let B ⊂ A von Neumann algebras. Then, for every a ∈ Ah there exists
b0 ∈ Bh such that

dist(a,B) = ‖a + b0‖ , [1].
I If C ∈ K(H)ah has finite range, there exists D0 ∈ D(K(H)ah) such

that
dist(C ,D(K(H)ah)) = ‖C + D0‖ , [2].

Geometry of operator algebras

I For every c ∈ Ob and x ∈ T (Ob)c
∼= K(H)ah/D(K(H)ah) there

exist a minimal lifting Z0 ∈ B(H)ah (in the quotient norm, not necessarily
compact) such that γ(t) = etZ0 c e−tZ0 is a short curve on Ob in a
certain interval, [1],[2].
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First case: Given any γ ∈ (−1, 1) and some r ∈ R>0

Tr =


0 rγ rγ2 rγ3 rγ4 · · ·
rγ 0 γ γ2 γ3 · · ·
rγ2 γ 0 γ2 γ3 · · ·
rγ3 γ2 γ2 0 γ3 · · ·
rγ4 γ3 γ3 γ3 0 . . .

... ... ... ... ... . . .

 , then (1)

I tr(TrT
∗
r ) <∞.

I D0 = Diag ({dk}k∈N), such that

d1 = 0, and for each k ≥ 2

dk = −
k−3∑
j=0

γj −
γk

1− γ2
= −

1− γk−2

1− γ
−

γk

1− γ2
.

is the unique Diagonal such that ‖Tr + D0‖ = dist(Tr,D(K(H)))

I lim
k→∞

dk =
1

γ − 1
⇒ D0 is not compact.

Minimal length curves in Ob: First case

I Case 1: Let b = Diag ({λn}n∈N) with {λn}n∈N ⊂ R such that
λn 6= λm, ∀ n 6= m. Consider Tr defined in (1) and the uniparametric
curve

β(t) = e
itTrbe

−itZr, t ∈ R. (2)

Then,

1. β(t) = e
it(Tr+

1
1−γI)be−it(Tr+

1
1−γI), i.e. β ⊂ Ob.

2.

{
β(0) = b,
β′(0) = iTrb − biTr ∈ (TOb)b.

3. Length
(
β|[0,t0]

)
= |t0| ‖Tr‖ = d(b, β(t0)) for each

t0 ∈
[
− π

2‖Tr‖,
π

2‖Tr‖

]
.
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Second case: Given any δ, γ ∈ (0, 1) and some r ∈ R>0

Zr =


0 −rδ rγ −rδ2 rγ2 · · ·
−rδ 0 γ −δ2 γ2 · · ·
rγ γ 0 −δ2 γ2 · · ·
−rδ2 −δ2 −δ2 0 γ2 · · ·
rγ2 γ2 γ2 γ2 0 · · ·

... ... ... ... ... . . .

 , then

I tr(ZrZ
∗
r ) <∞.

I If γ2 ≤ δ ≤ γ1/2 (see Fig. 1),
there exists a unique bounded
diagonal D1 = Diag

(
{d ′n}n∈N

)
,

such that

‖Zr+D1‖ = dist(Zr,D(K(H))).

Figure 1:Region δ, γ

I D1 fulfills
. d ′1 = 0

. d ′2k =
(∑k−1

j=1 δ
j
)
−
(∑k−1

j=1 γ
j
)
+ δk+2

1−δ2 +
(
γ2

δ

)k
1

1−γ2, for k > 1.

. d ′2k−1 =
(∑k−1

j=1 δ
j
)
−
(∑k−2

j=1 γ
j
)
− γk+1

1−γ2 −
(
δ2

γ

)k
γ

1−δ2, for k > 1.

. lim
k→∞

d ′2k 6= lim
k→∞

d ′2k ⇒ @ lim
n→∞

(D1)nn.

I Corollary: there exists operators with “oscillant” non-compact minimal
diagonal.

Minimal length curves in Ob: Second case

I Case 2: Techniques used in Case 1 for
minimal curves did not hold. We had
to improve.

I Study of the unitary group Uk,d .
Properties, structure and relations
with Uk.

I Then, show that OUk,db = Ob.

I γ :
[
− π

2‖Zr‖,
π

2‖Zr‖

]
→ Ob,

γ(t) = etZrbe−tZr is a minimal
length curve on Ob in the rectifiable
distance.

Figure 2:Orbit Ob and Uk,d
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