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Claudia M. Giordano6,7, Robert J. J. Grand8,9, Federico Marinacci10, Rüdiger Pakmor8,
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ABSTRACT
In a previous paper based on dark matter only simulations we show that, in the ap-
proximation of an analytic and static potential describing the strongly triaxial and
cuspy shape of Milky Way-sized haloes, diffusion due to chaotic mixing in the neigh-
bourhood of the Sun does not efficiently erase phase space signatures of past accretion
events. In this second paper we further explore the effect of chaotic mixing using multi-
component Galactic potential models and solar neighbourhood-like volumes extracted
from fully cosmological hydrodynamic simulations, thus naturally accounting for the
gravitational potential associated with baryonic components, such as the bulge and
disc. Despite the strong change in the global Galactic potentials with respect to those
obtained in dark matter only simulations, our results confirm that a large fraction of
halo particles evolving on chaotic orbits exhibit their chaotic behaviour after periods of
time significantly larger than a Hubble time. In addition, significant diffusion in phase
space is not observed on those particles that do exhibit chaotic behaviour within a
Hubble time.
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1 INTRODUCTION

We are crossing the gates into a new era in astronomy re-
search, the era of multi-messenger observations, big data and
extremely detailed numerical simulations. In this promising
scenario, the field of galactic archaeology is in an extraor-
dinary position thanks to the arrival of the satellite Gaia
(see Perryman et al. 2001; Lindegren et al. 2008). A first
glimpse at the extraordinary quality of the full 6-dimensional

? E-mail: npmaffione@unrn.edu.ar (NPM)

phase space catalog that Gaia will provide throughout its
lifetime has already been publicly released (Michalik et al.
2015; Lindegren et al. 2016). Several studies based on these
early-stage data have already pushed the boundaries on the
characterization of the extended solar neighbourhood phase
space structure and its relation to the Galaxy’s formation
history (Bonaca et al. 2017; Bovy 2017; Iorio et al. 2017;
Monari et al. 2017; Schönrich & Dehnen 2017).

According to the Λ cold dark matter (ΛCDM) cosmo-
logical model, galaxies increase their mass through merger
and accretion of smaller systems. These accretion events
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are expected to play a very important role in shaping
the present-day chemical distribution (Matteucci 2014) and
morphological and kinematical structure of the host galaxy
(see Bland-Hawthorn & Freeman 2014, for a complete re-
view on near-field cosmology). Stellar haloes of large galax-
ies such as our own are believed to be primarily formed as a
result of the accumulation of tidal debris associated with an-
cient as well as recent and ongoing accretion events (Helmi
2008). Galactic discs are also strongly affected by such inter-
actions. In addition to heating and thickening pre-existing
discs, satellites can generate substructure in both chemi-
cal abundance and phase space, as well as induce secular
phenomena such as bars, spiral arms, and warps (see, e.g.
Quillen et al. 2009; Gómez et al. 2012a,b, 2013a; Minchev
et al. 2014; Widrow & Bonner 2015; Gómez et al. 2016, 2017;
Laporte et al. 2017, 2018).

Signatures of these accretion events can provide strong
constraints on the formation history of galaxies (see New-
berg & Carlin 2016, and references therein, for a recent and
comprehensive discussion on the subject), such as our own
Milky Way (MW, Freeman & Bland-Hawthorn 2002). Thus,
much effort has been devoted to develop methods and tools
to efficiently identify and quantify substructure in different
Galactic distributions. To first order, the stellar halo can
be approximated as a collisionless component (Binney &
Tremaine 1987) and, thus, retains its dynamical memory
providing an ideal place to search for signatures of accre-
tion events. Studies based on numerical models have pre-
dicted that a few hundred kinematically cold stellar streams
should be currently crossing our solar neighbourhood (Helmi
& White 1999; Helmi et al. 2003; Helmi 2008). However, due
to limitations of studies based on pre-Gaia astrometric cata-
logues (e.g. with ESA 1997; York et al. 2000; Skrutskie et al.
2006; Zhao et al. 2006; Zwitter et al. 2008), only a handful
of stellar streams were identified (e.g. Helmi & White 1999;
Helmi et al. 1999, 2006). Furthermore, studies based on Gaia
first data release, DR1, have already revealed more substruc-
tures in our stellar halo (e.g. Helmi et al. 2017; Kushniruk
et al. 2017), but the number of identified substructures is still
far from the few hundred streams predicted by the models.
Only with the arrival of Gaia second data release, DR2, we
will be able to provide a more robust quantification of the
ammount of substructure in the solar neighbourhood.

A valid concern regarding our ability to identify sig-
natures from old accretion events relates to the longevity
of cold kinematical structures. It is well known that dark
matter (DM) haloes of MW-like galaxies are expected to
be triaxial (Jing & Suto 2002; Allgood et al. 2006; Vera-
Ciro et al. 2011), and that a fraction of the orbits hosted
by the corresponding triaxial potentials will exhibit chaotic
behaviour (see e.g. Schwarzschild 1993; Merritt & Fridman
1996; Merritt & Valluri 1996; Siopis & Kandrup 2000; Voglis
et al. 2002; Kandrup & Siopis 2003; Kalapotharakos et al.
2004; Muzzio et al. 2005; Efthymiopoulos et al. 2007). As
shown by Helmi & White (1999); Vogelsberger et al. (2008);
Gómez et al. (2013b) and Maffione et al. (2015, hereinafter
Paper I), the density of a stellar stream on a chaotic orbit
decays exponentially with time, as opposed to the power-
law decay associated with regular orbits. As a consequence,
the identification of stellar streams on chaotic orbits is ex-
tremely challenging as they can quickly blend with the back-
ground stellar distribution, even in velocity space. More

importantly, within relevant time-scales, strong chaotic be-
haviour can lead to diffusion in the space of pseudo-integrals
of motion, such as energy and angular momentum (Poveda
et al. 1992; Schuster & Allen 1997; Valluri et al. 2013). As a
result, signatures of stellar streams can be effectively erased,
hindering our hopes of constraining our Galactic accretion
history through the identification and quantification of sub-
structures in phase space (for a comprehensive review on
chaos in galaxies, see the book by Contopoulos 2002, and
references therein).

In Paper I we tackled this problem by characteriz-
ing the orbital distribution of star particles located within
solar neighbourhood-like volumes extracted from stellar
halo models based on DM-only simulations (Springel et al.
2008b,a; Cooper et al. 2010). Our results showed that ∼
70 per cent of these orbits, evolving within strongly triax-
ial potentials, could be classified as chaotic. However, only
<∼ 20 per cent of these particles revealed their chaotic na-
ture within a Hubble time. The remaining orbits classified
as chaotic (∼ 50 per cent of the total), revealed their chaotic
behaviour only after a Hubble time. These orbits, dubbed
as “sticky” (see Tsiganis et al. 2000, and Paper I and refer-
ences therein for further details), are particularly important.
They have an intrinsically chaotic nature. However, for halo
stars moving on such orbits, chaotic mixing will not have
enough time to act. Furthermore, an analysis based on first
order expansions of the underlying potentials demonstrated
that diffusion in phase space is not significant on any real-
istic time-scale (in agreement with previous works, see for
instance: Giordano & Cincotta 2004; Cincotta et al. 2006,
2014), even for those orbits that revealed their chaotic na-
ture within a Hubble time.

Although chaotic mixing is non-negligible (e.g. Pearson
et al. 2015; Hattori et al. 2016; Erkal et al. 2017) and might
be strongly relevant for the morphological structure of very
cold streams (see for instance Price-Whelan et al. 2016a,b),
our results suggested that it is not efficient at erasing signa-
tures of accretion events. However, as mentioned before, this
study was based on stellar halo models extracted from DM-
only simulations. Due to the lack of a baryon component,
the overall galactic potentials were clearly a poor represen-
tation of the true Galactic potential, especially within the
inner Galactic regions. The addition of baryons does not
only modify the potential through their additional mass dis-
tribution, but also significantly alters the density profile of
the DM halo within which the baryons are embedded (e.g.
Gnedin et al. 2004; Sawala et al. 2016; Zhu et al. 2016). Pre-
vious studies based on cosmological hydrodynamical simula-
tions have shown that, when baryons are taken into account,
DM haloes present a significantly more oblate distribution
in the inner regions (for instance: Dubinski 1994; Gustafsson
et al. 2006; Debattista et al. 2008; Abadi et al. 2010), thus
enhancing the asymmetry within the inner and the outer
galactic regions.

In this work, we take a step forward on this mat-
ter by characterizing the effects of chaotic mixing in solar
neighbourhood-like volumes extracted from fully cosmologi-
cal hydrodynamical simulations of the formation of MW-like
galaxies (Marinacci et al. 2014; Grand et al. 2017). These
simulations naturally account for the effects associated with
the gravitational potential of the baryonic components (such
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as the bulge and disc), and thus can be used to characterize
the efficiency of chaotic mixing in a more realistic scenario.

The paper is organized as follows: in Section 2 we briefly
introduce the simulations, models and techniques used in the
present study. Our results on the actual relevance of chaos in
erasing kinematic signatures of accretion events in the local
stellar halo are presented in Sections 3 and 4 and, finally, we
discuss and summarise our results in Section 5.

2 METHODOLOGY

In this section we briefly describe the simulations and nu-
merical tools used to characterize and quantify chaotic be-
haviour within solar neighbourhood-like phase space vol-
umes.

2.1 Simulations

In this study we focus on a set of seven fully cosmological
hydrodynamic zoom-in simulations of MW-like galaxies, ex-
tracted from Marinacci et al. (2014) and Grand et al. (2017).

The simulations were carried out using the N-body +
moving-mesh, magnetohydrodynamic code arepo (Springel
2010; Pakmor et al. 2016). A standard ΛCDM cosmology
was adopted in both cases. The values chosen for the dif-
ferent cosmological parameters are very similar and can be
found on the corresponding papers.

The baryonic physics model implemented in arepo fol-
lows a number of processes that play a key role in the forma-
tion of late-type galaxies, such as gas cooling/heating, star
formation, mass return and metal enrichment from stellar
evolution, the growth of supermassive black holes, magnetic
fields (Pakmor & Springel 2013; Pakmor et al. 2017) and
feedback both from stellar sources and from black hole ac-
cretion. The parameters that regulate the efficiency of each
physical process were chosen by comparing the results ob-
tained in simulations of cosmologically representative vol-
umes to a wide range of observations of the galaxy popula-
tion (Vogelsberger et al. 2013; Marinacci et al. 2014; Grand
et al. 2016).

In order to contrast our results with those presented
in Paper I, first we use a hydrodynamic re-simulation of
one of the haloes from the Aquarius Project (Springel et al.
2008b,a), also run with the code arepo. This simulation,
namely Aq-C4 (for simulation Aq-C at the resolution level
4), was first introduced in Marinacci et al. (2014).

However, most of the simulations used in this work are
taken from the Auriga Project. This suite is composed of 30
high-resolution cosmological zoom-in simulations of the for-
mation of late-type galaxies within MW-sized DM haloes.
The haloes were selected from a lower resolution DM-only
simulation from the Eagle Project (Schaye et al. 2015), a pe-
riodic box of side 100 Mpc. Each halo was chosen to have, at
z = 0, a virial mass in the range of 1012 – 2×1012 M� and to
be more distant than nine times the virial radius from any
other halo of mass more than 3 per cent of its own mass.
The typical DM particle and gas cell mass resolutions for
the simulations used in this work (Aq-C4 and Auriga, also
resolution level 4) are ∼ 3×105 M� and ∼ 6×104 M�, respec-
tively. The gravitational softening length used for DM and

Table 1. Main properties of the Aq-C4 and the six Auriga sim-
ulations (resolution level 4) at z = 0 from Marinacci et al. (2014)

and Grand et al. (2017), respectively. The first column labels the

simulation. From left to right, the columns give the virial radius,
r200; the concentration parameter cNFW of the underlying DM

haloes; the DM mass M200, and the stellar mass M? inside the
virial radius.

Name r200 cNFW M200 M?

[kpc] [1010 M�] [1010 M�]

Aq-C4 234.4 16.03 145.71 5.31
Au-3 239.02 15.6 145.78 7.75
Au-6 213.83 11 104.39 4.75
Au-15 225.4 7.9 122.25 3.93
Au-16 241.48 9.3 150.33 5.41
Au-19 224.57 8.3 120.9 5.32
Au-21 238.65 14.2 145.09 7.72

stars grows with scale factor up to a maximum of 369 pc, af-
ter which it is kept constant in physical units. The softening
length of gas cells scales with the mean radius of the cell, but
is never allowed to drop below the stellar softening length. A
resolution study across three resolution levels (Grand et al.
2017) shows that many galaxy properties, such as surface
density profiles, orbital circularity distributions, star forma-
tion histories and disc vertical structures are already well
converged at the resolution level used in this work. We will
refer to the Auriga simulations as “Au-i”, with “i” enumerat-
ing the different initial conditions, as in Grand et al. (2017).
The main properties of each simulation at z = 0 are listed
in Table 1. A detailed description of how these parameters
were obtained is given in Marinacci et al. (2014) and Grand
et al. (2017).

Finally, it is important to highlight that, as discussed
below, our analytic Galactic potentials do not account for
the effect of Galactic bars. Thus, the simulations used in
this work were chosen so that they do not present strong
Galactic bars at z = 0. Note that, even though the time
varying potential associated with a bar can enhance the
strength of chaotic diffusion in the very inner galactic region
(Fux 2001; Quillen 2003; Chakrabarty 2007; Chakrabarty &
Sideris 2008; Shevchenko 2011), it is unlikely to play a signif-
icant role in erasing signatures of past and ongoing Galactic
accretion events within the solar neighbourhood and beyond.
Though, we defer the detailed study of this aspect to future
work (Maffione et al., in preparation).

2.2 The galactic potential

In order to characterize the dynamics of MW-like stellar
haloes by recourse to the chaos indicator (hereinafter CI)
used in the present effort, the high-precision numerical in-
tegration of both the equations of motion and their first
variational equations is required (see Section 2.4 for fur-
ther details). Indeed, the variational equations are needed
to track the temporal evolution of the separation between
initially nearby orbits in phase space (see the Appendix in
Paper I for details). Therefore, as an analytic representation
of the underlying galactic potential is in order, we describe
the potential of each simulated galaxy by a superposition of

MNRAS 000, 1–18 (2017)
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Figure 1. Total circular velocity curves Vcir as a function of galac-
tocentric distance R for one of our analytic and static represen-

tations of the MW (red solid line) and its simulated MW-like

galaxy counterpart taken from a cosmological hydrodynamic sim-
ulation (blue points). The resemblance, particularly in the solar

neighbourhood-like volume (i.e. 5<∼R[kpc]<∼ 11), is reassuring.

suitable analytic and static models representing the different
galactic components. Other approximations, based on series
expansion of the underlying potential can be very accurate
(i.e. Clutton-Brock 1973; Hernquist & Ostriker 1992; Wein-
berg 1999; Kalapotharakos et al. 2008; Lowing et al. 2011;
Vasiliev 2013; Meiron et al. 2014). However, a rather large
number of terms should be considered, thus rendering un-
feasible the derivation of the first variational equations (for
further discussion see Paper I).

Our analytic Galactic potential contains four different
contributions corresponding to the central nuclear region,
the bulge, the disc and the DM halo:

ΦMW = Φnuc + Φbul + Φdisc + ΦDM2. (1)

The values of the parameters that describe each Galac-
tic component are directly extracted from the numerical sim-
ulations, presented in last section, as described in Marinacci
et al. (2014) and Grand et al. (2017). The concentration and
virial radius that describe each DM halo are obtained by fit-
ting a Navarro, Frenk & White profile (Navarro et al. 1996,
1997) to the corresponding DM particle distribution, and
are listed on Table 1. For the stellar component, a decom-
position of the surface density profile into an exponential
disc and a Sérsic profile is performed to obtain disc scale-
lengths and bulge effective radii, as well as their relative
mass contributions. Masses are slightly re-calibrated by fit-
ting our analytic models to the total circular velocity curves
extracted from the simulations, as illustrated in Fig. 1. Note
that, through this process, the total stellar mass is kept con-
stant. Resulting values are listed on Table 2.

We highlight that, as in Paper I, the cosmological sim-
ulations considered in this work are only used to extract the
parameters that characterize the underlying potentials, and

to obtain realistic models of the phase space distributions
of solar neighbourhood-like volumes (see next section). Our
goal is not to accurately characterize the impact of chaos
in the Aq-C4 or Auriga local stellar haloes themselves. In-
stead, we aim to obtain reasonable descriptions of these nu-
merically simulated galaxies to reflect in our results the ex-
pected variations in the galactic potential associated with
the galaxy formation process. Sampling initial conditions
from a self-consistent model and later evolving them in a
slightly different potential should increase the fraction of
chaotic orbits in the sample (Valluri et al. 2012). Thus, un-
der the approximation of our static potentials, the fraction
of chaotic orbits within the phase space volumes analyzed
here will likely be overestimated with respect to that asso-
ciated to the best possible analytical representation of the
underlying potential.

We acknowledge that, despite the benefits of dealing
with analytic and static representations of the galactic po-
tentials, these models have their own strong limitations. For
example, we are not accounting for how substructure as well
as time-dependance could enhance the efficiency of diffusion
in phase space (see Peñarrubia 2013, and Section 5 for fur-
ther discussion). These issues will be tackle in a forthcoming
paper.

In what follows, we describe each galactic component.

2.2.1 The central nuclear region

The presence of a supermassive black hole and a nuclear star
cluster in the inner galactic regions (Launhardt et al. 2002)
can significantly amplify the amount of chaos as their mass
profiles contribute to a cuspy shape (see for instance Valluri
& Merritt 1998; Kandrup & Sideris 2001). In our analysis,
this component is particularly important for box orbits that
are currently crossing our simulated solar neighbourhood-
like volumes. Therefore, to model such a component, which
dominates the mass distribution within the inner ∼ 30 pc,
we use a Plummer sphere (Plummer 1911):

Φnuc = −
B√

r2 + (εs
nuc)2

, (2)

where the constant B is defined as B = G Mnuc, with G the
gravitational constant, Mnuc the estimated mass enclosed in

the central region, r =
√

x2 + y2 + z2 the usual galactocentric
distance and εs

nuc the radial scalelength. All the values of the
parameters for MW model C4 are obtained from simulation
Aq-C4 (Marinacci et al. 2014), except for εs

nuc which is taken
from Launhardt et al. (2002). The nuclear region has the
same values of the parameters for all of our MW models
and it is not included in Table 2 for the sake of brevity: the
mass being Mnuc = 2 × 108 M�, and the scalelength radius,
εs
nuc = 0.03 kpc.

2.2.2 The bulge

The stellar bulge is the dominant component within ∼ 1 kpc
(Launhardt et al. 2002). In this case, we use a Hernquist
profile (Hernquist 1990) with a scalelength, εs

bul:

Φbul = −
C

r + εs
bul

, (3)

MNRAS 000, 1–18 (2017)
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where C is a constant defined as C = G Mbul, with Mbul its
total mass.

2.2.3 The disc

To model a stellar disc with a double exponential density
profile we follow the procedure described by Smith et al.
(2015). The idea behind this method is to approximate an
exponential profile by the superposition of three different
Miyamoto & Nagai (MN) profiles (Miyamoto & Nagai 1975).
In our case, the mass distribution of the resulting models de-
viates from the radial mass distribution of a pure exponen-
tial disc by < 1 per cent out to four disc scalelengths, and by
< 6 per cent out to ten disc scalelengths. Smith et al. (2015)
provides a user-friendly online web-form that computes the
best-fitting parameters for an exponential disc1,

ρ(R, z) = ρ0 exp(−R/εs
disc) exp(−|z |/εh

disc) , (4)

with ρ(R, z) the axysimmetric density, R =
√

r2 − z2 the pro-
jected galactocentric distance, ρ0 the central density and
when the desired total mass Mdisc, scalelength εs

disc and scale-

height εh
disc are provided.

Let us remind the reader that the potential of a single
MN disc obeys the following expression:

Φ
MN
disc = −

D√√√
R2 +

[
εs MN
disc +

√
z2 +

(
εh
disc

)2
]2

, (5)

where εs MN
disc and εh

disc are the scalelength and scaleheight of

the MN disc, respectively (it should be noticed that εh
disc

is the same for the exponential and the three MN discs).
Furthermore, D is a constant defined as D = G MMN

disc with

MMN
disc , its mass.

The experiments performed in this work consider the
double exponential approximation described above.

2.2.4 The dark matter halo

Navarro et al. (1996, 1997) introduced a universal spherical
density profile (NFW profile) that provides a reasonable fit-
ting to the mass distribution of DM haloes of galaxies over
a very wide range of mass and redshift. It has been shown
since, however, that DM haloes are not spherical as assumed
by this potential. In the absence of baryons, fully cosmolog-
ical simulations have shown that DM haloes are strongly
triaxial, with their shape varying as a function of galacto-
centric distance (see e.g. Allgood et al. 2006; Vera-Ciro et al.
2011). To model this behaviour, Paper I uses a triaxial ex-
tension of the NFW profile (introduced in Vogelsberger et al.
2008),

ΦDM = −
A
rp

ln
(
1 +

rp
rs

)
, (6)

where A is a constant defined as:

A =
G M200

ln (1 + cNFW) − cNFW/(1 + cNFW)
, (7)

1 http://astronomy.swin.edu.au/~cflynn/expmaker.php

with M200 being the virial mass of the DM halo and cNFW
the concentration parameter; rs = r200/cNFW is a scale radius
with r200 the virial radius. The triaxiality of this potential
is introduced through rp,

rp =
(rs + r)ri

rs + ri
, (8)

where ri is an ellipsoidal radius for the inner parts defined
as:

ri =

√( x
a

)2
+

( y
b

)2
+

( z
c

)2
. (9)

The quantities b/a and c/a represent the intermediate-to-
major and the minor-to-major principal axes ratios and are
defined such that a2 + b2 + c2 = 3. Note that the potential
shape changes from ellipsoidal in the inner regions to near
spherical at the scale radius, rs. Thus, for r � rs, rp ' ri and
for r � rs, rp ' r (Vogelsberger et al. 2008).

The addition of baryons, however, significantly alters
the DM phase space distribution. As a result of the central
accumulation of baryons, DM haloes in cosmological hydro-
dynamic simulations are found to be more oblate than tri-
axial in the inner parts (e.g. Marinacci et al. 2014; Grand
et al. 2017). To account for this, we introduce a “bi-triaxial”
extension of the NFW profile by defining a new parameter:

r ′p =
(rs + ro)ri

rs + ri
, (10)

where a second ellipsoidal radius, ro, is defined as:

ro =

√( x
a′

)2
+

( y

b′

)2
+

( z
c′

)2
, (11)

with a′2 + b′2 + c′2 = 3, while (b/a, c/a) and (b′/a′, c′/a′)
denote the principal axes ratios of the DM halo in the in-
ner and outer regions, respectively, with a smooth transi-
tion taking place at rs. Thus, the new potential is simply
ΦDM2 = ΦDM(r ′p). Fig. 2 shows an example of isopotentials
in the outer and inner parts of ΦDM2. The transition from
mildly triaxial to a more oblate shape can clearly be seen as
the centre is approached (compare Fig. 2 with Fig. 10 of Vo-
gelsberger et al. 2008). Note, however, that our models have
less exaggerated (and more realistic) axes ratios (see Table 2
in Section 3.1) than those considered in the example, and the
transition is not so evident.

2.3 Cosmologically motivated initial conditions

To investigate the efficiency of chaotic mixing associated
with the galactic potential described in Section 2.2, Eq. (1),
we first need to model the distribution of tracer particles in
phase space. Rather than stochastically sampling the asso-
ciated phase space distribution, we select particles from the
different simulated galaxies as described below.

To characterize how the efficiency of chaotic mixing
varies as a function of galactocentric radius, we first select
stellar particles located within a 15◦ wedge, whose axis co-
incides with the disc semi-major axis. For these experiments
we will focus only on the simulation dubbed Aq-C4. To in-
crease the numerical resolutions we include stellar particles
located within diametrically opposed wedges. Within these
wedges, with vertex in the galactic center, we consider star
particles with 0.5 <

= r <
= 50.5 kpc, where r represents the

MNRAS 000, 1–18 (2017)
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Figure 2. Isopotentials for the outer (top panel) and inner parts

(bottom panel) of our “bi-triaxial” extension of the NFW profile.
The potential becomes more oblate as the centre is approached.

galactocentric distance. Note that here we consider stellar
particles born both in-situ and in accreted satellites.

In addition, and to compare with the results presented
in Paper I, we also select all DM particles that are located
within a sphere of 2.5 kpc radius, centred at 8 kpc along the
semi-major axis of the DM halo in the Aq-C4 simulation.
Note that the disc scalelength in this simulation is similar
to that of the MW. Thus, this region can be regarded as a
solar neighbourhood-like volume. The larger number of DM
particles, with respect to their stellar counterparts, allow us
to characterize more robustly the efficiency of chaotic mixing
within this relatively small volume.

In Section 3.3 we analyse the Auriga simulations to
characterize how the stochasticity inherent to the process of
galaxy formation can affect the fraction of chaotic orbits in
solar neighbourhood analogs. Stellar particles located within
a sphere of 5 kpc radius are selected on each simulation.
Note that the final scalelengths of our simulated galactic
discs show a great diversity. Thus, in order to select regions
with the same density contrast, the spheres are centred at
galactocentric distances of 2.65× εs

Au−i, where 2.65 is the ra-
tio between the Sun’s galactocentric distance (∼ 8 kpc) and

the scalelength of the MW disc (∼ 3 kpc), and εs
Au−i being

the εs
disc for the simulated galaxy in simulation Au-i.

2.4 Chaos Indicator: The Orthogonal Fast
Lyapunov Indicator

In this work we use the Orthogonal Fast Lyapunov Indicator,
OFLI (Fouchard et al. 2002), to quantify and characterize
the fraction of chaotic orbits within different phase space
volumes. Here we briefly describe the method and refer the
reader to Paper I, and references therein, for further details2.

The basic idea behind the OFLI is to track the time
evolution of the distortion of an initially infinitesimal lo-
cal phase space volume surrounding any given orbital ini-
tial condition. The rate at which this volume expands along
the direction of maximum distortion can be used to identify
chaos. In practice, we follow the time evolution of a unit
deviation vector ŵ(t), evolving on an N-dimensional Hamil-
tonian H along a given solution of the equations of motion
(i.e. the orbit) γ(t). The vector ŵ(t) is initially chosen normal
to the energy surface (in order to avoid spurious structures,
see Barrio 2016) and, as it evolves, we take its orthogonal
component to the flow, ŵ(t)⊥ ∈ R. Its largest value (sup, or
minimum upper bound) between an initial time t0 and a
stopping time t f is retained. The OFLI is then defined as:

OFLIγ(t f ) = sup
t0<t<t f

[
ŵ(t)⊥

]
, (12)

for the orbit γ. For both chaotic and non-periodic regular
orbits, the value of the OFLIγ tends to infinity as time in-
creases. However, on a logarithmic time-scale, the OFLIγ
presents and exponential growth for chaotic orbits , while it
is linear for resonant and non-resonant regular orbits (with
different rates). In the case of periodic orbits, it oscillates
around a constant value (for further details we refer the
reader to Fouchard et al. 2002).

From now on, we integrate the orbits and compute the
preferred CI using the lp-vicode code (see Carpintero et al.
2014). The numerical integrator conserves energy to an ac-
curacy of one part in 10−12 or less for all the experiments
throughout the paper.

2.5 Orbital classification

As discussed in Paper I, the local spatial density of a star
moving on a chaotic orbit decreases exponentially with time.
Stellar streams moving on these orbits experience a rapid
phase space mixing process, thus eroding signatures of past
accretion events. In contrast, the local density of a star mov-
ing on a regular orbit falls with time as a power law, with

2 Note that this study is supported by similar results based on

other CI, the MEGNO (see for instance Cincotta & Simó 2000;
Cincotta et al. 2003; Goździewski et al. 2005; Compère et al. 2012;
Cincotta & Giordano 2016). The orbital classification obtained

with the approximate galactic potential, described in Section 2.2,

is thus robust. Nonetheless, for the sake of brevity, the results
based on the MEGNO are not included. For a thorough discus-

sion on the advantages and disadvantages of the most popular
CIs found in the literature we refer the reader to Maffione et al.
(2011a,b); Darriba et al. (2012); Maffione et al. (2013); Skokos

et al. (2016) and references therein.
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an exponent less than or equal to 3 (a significantly lower
rate, Helmi & White 1999; Vogelsberger et al. 2008; Gómez
et al. 2013b). The chances of finding stellar streams in the
solar neighbourhood are thus higher if they are evolving on
regular orbits.

In Paper I we presented an analysis that highlighted
the very strong connection between the time evolution of
the local (stream) density around a given particle and the
time evolution of the corresponding OFLI. More precisely,
we showed that if the OFLI grows linearly (i.e. regular be-
haviour), then the associated local density decreases as a
power law, with index less than or equal to 3. An expo-
nential growth of the OFLI, instead, reflects an exponential
decay of the corresponding local density.

To characterize the impact of chaotic mixing on the
different local phase space distributions, we proceed as in
Paper I. We examine two central aspects associated with
chaotic mixing efficiency: (i) the distribution of chaos onset
times, i.e. the time at which a given orbit starts to showcase
its chaotic behaviour, and (ii) the chaotic mixing diffusion
rate, a mechanism that can lead to a significant drift in the
integrals of motion space. To tackle (i), we compute the time
evolution of the OFLI of stellar and DM particles located
within different local volumes (see Section 2.3), by integrated
the orbits for a maximum period of 1000 Gyr. We use such
a long timespan to identify very sticky orbits reliably (see
below). We then classify as chaotic orbits those that show
chaos onset times smaller than 10 Gyr; i.e. approximately
within a Hubble time. Orbits that showcase their chaotic
behaviour on time-scales larger than a Hubble time are clas-
sified as sticky orbits. Note that the later should not be
associated with the concept of weakly chaotic orbits. Sticky
orbits are orbits that behave as regular for long periods of
time, with their associated local stream densities evolving as
a power-law until they reach the chaotic sea. Instead, weakly
chaotic orbits behave like chaotic orbits right from the be-
ginning, with local stream densities evolving exponentially,
albeit with a very small exponent.

Orbits that never showcase chaotic behaviour are clas-
sified as regular. These threshold-dependent definitions are
arbitrary. However, based on them it is possible to isolate
orbits which are likely to showcase chaotic behaviour within
relevant and physical periods of time from those in which
chaos is clearly irrelevant (see Paper I for further details).
To address (ii), we quantify the diffusion of pseudo-integrals
of motion for large ensembles of initially nearby test particles
in phase space.

3 THE ACTUAL RELEVANCE OF CHAOS IN
MULTICOMPONENT TRIAXIAL
POTENTIALS

The OFLI allow us to robustly characterize the time evolu-
tion of the local (stream) density around any stellar particle
(as shown in Paper I). In what follows, we use this tool to
quantify the fraction of particles, located within different
volumes, that are moving on regular, sticky and chaotic or-
bits. A large fraction of chaotic orbits would indicate that
substructure in phase-space, specially those associated with
the oldest accretion events, may have been efficiently erased
due to chaotic mixing. This is especially relevant for the in-

ner galactic regions, such as the solar neighbourhood, due
to the much shorter dynamical time-scales associated with
the corresponding orbits.

3.1 The distribution of chaos onset times as a
function of galactocentric distance

In this section we focus on the stellar particles located within
15◦ wedges (see Section 2.3), extracted from the simulation
Aq-C4. The corresponding distribution of initial conditions
is dissected in bins of different galactocentric distances. Each
bin covers a different (non-overlapping) galactocentric dis-
tance range of 5 kpc and contains at least of the order of
500 stellar particles.

In order to compute the OFLI, we integrate the equa-
tions of motion together with the first variational equations
(see the Appendix in Paper I), assuming an analytic and
static MW potential of the form given by Eq. (1), i.e.:

Φ
C4
MW = Φnuc + Φbul + Φdisc + ΦDM2 , (13)

denoted as model C4 (see Section 2.2 for further descriptions
of each component). The values of the parameters are given
in Tables 1 and 2. To describe the shape of this potential,
we use the triaxiality parameter (Franx et al. 1991),

T =
1 − (b/a)2

1 − (c/a)2
. (14)

The shape of the DM halo can be characterized as mainly
oblate for values of 0 <

= T < 0.333, strongly triaxial for
0.333 <

= T <
= 0.666, and mainly prolate for 0.666 < T <

= 1.
The principal axes ratios in the inner parts (r <∼ rs) of the
corresponding DM halo are computed using DM particles
located within the first 10 kpc. Then, the triaxiality of the
Aq-C4 halo in the inner regions is Tinner ∼ 0.227 (an oblate
shape). For the outer parts (r � rs) the principal axes ra-
tios are computed using DM particles located within 40 and
70 kpc. The triaxiality parameter here is Touter ∼ 0.681 (a
mildly prolate shape).

The orbits of the stellar particles are integrated over a
1000 Gyr timespan, with a timestep of 1 Myr3. The orbits
of the particles are then classified according to the shape
of their OFLI time evolution curves following the procedure
presented in Paper I and revisited below.

As an example, and to demonstrate our method, we first
show in Fig. 3 the time evolution of the OFLI for a subset
of 4410 DM particles located within a solar neighbourhood-
like volume (the same subset will be use in next section)4.
It is clear that, for some orbits, the OFLI quickly diverges
exponentially, whereas for others it continues to grow slowly
following a power-law in time. For large samples of orbits,
such as those shown in Fig. 3, individually inspecting each
curve to estimate the chaos onset times (time at which the
OFLI starts to diverge exponentially) becomes unfeasible.

3 An integration timestep of 10−2 Myr for a total integration time

of 10 Gyr was also used in order to check numerical convergence:
no changes were found in the results.
4 We advise the readers affected with the common form of red-

green color blindness to convert the paper in a grayscale format to
distinguish the chaotic from the sticky components in the figures

thorough the manuscript.
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Table 2. Parameters of the components for the C4 and the six Auriga MW models. The first column labels the model. From left to
right, the columns give: the mass, Mbul, and the scalelength radius, ε s

bul, of the bulge; the mass, Mdisc, the scalelength radius, ε s
disc, and

the scaleheight radius, εh
disc, of the disc; the distance from the Galactic centre where the solar neighbourhood-like sphere is located, Rsph

(2.65 × ε s
disc); the intermediate-to-major, b/a, and the minor-to-major, c/a, principal axes ratios in the inner parts as well as b′/a′ and

c′/a′, the corresponding principal axes ratios in the outer parts; the triaxiality parameter for the inner (Tinner) and the outer (Touter)
regions.

Name Mbul ε s
bul Mdisc ε s

disc εh
disc Rsph b/a c/a b′/a′ c′/a′ Tinner Touter

[1010 M�] [kpc] [1010 M�] [kpc] [kpc] [kpc]

C4 0.47 0.84 5.96 3.12 0.3 8 0.99 0.94 0.92 0.88 0.227 0.681
Au-3 4.10 1.51 4.29 7.50 0.3 19.875 0.998 0.926 0.976 0.935 0.022 0.379

Au-6 1.37 1.30 3.22 4.53 0.3 12.005 0.996 0.922 0.953 0.899 0.055 0.477

Au-15 0.79 0.90 2.74 4 0.3 10.06 0.996 0.93 0.976 0.94 0.057 0.419
Au-16 2.20 1.56 3.57 7.84 0.3 20.776 0.999 0.944 0.999 0.949 0.023 0.021

Au-19 2.02 1.02 2.88 4.31 0.3 11.422 0.989 0.931 0.964 0.907 0.160 0.399
Au-21 3.48 1.36 3.86 4.93 0.3 13.065 0.995 0.943 0.99 0.961 0.083 0.251

We address this by introducing a time evolving threshold
value, which essentially is an upper limit for the typical
linear behaviour of the OFLI seen in regular orbits. This
threshold, indicated with a blue solid line in Fig. 3, evolves
linearly with time and envelopes all the curves that present
a linear behaviour. Particles are classified as either sticky
or chaotic as soon as their corresponding OFLI crosses this
threshold. Note that threshold crossings within the first Gyr
of evolution are neglected as this period corresponds to the
typical transient stage of the indicator. Chaotic orbits are
defined as those which cross the threshold within the first
10 Gyr of their evolution. This 10 Gyr barrier is depicted in
Fig. 3 by a vertical dashed blue line. In a handful of cases
we find that, even though the OFLI crossed the threshold
at an early stage, it later continued to evolve linearly with
time. Thus, the fraction of chaotic orbits within each volume
may be slightly overestimated. In other words, our procedure
provides conservative estimates.

The results of this procedure are presented in Fig. 4,
where we show the fraction of regular (black solid squares),
sticky (green open squares) and chaotic (red open dots) or-
bits, as a function of the mean galactocentric distance of the
corresponding bin. We find that the fraction of regular or-
bits shows a very mild decrease as we move from the inner to
the outer galactic regions, with orbital fractions in between
∼ 37 and ∼ 53 per cent. A more significant galactocentric dis-
tance dependence is shown by sticky and chaotic orbits, with
orbital fractions varying from 20 to 55 per cent and 30 to
5 per cent, respectively. Note that sticky and chaotic orbits
show approximately a specular behaviour. Due to the longer
dynamical time-scales associated with the outer galactic re-
gions, clearly the fraction of chaotic orbits that exhibits their
chaotic behaviour within a Hubble time becomes progres-
sively smaller.

Mainly, we find that, at all galactocentric distances ≈ 70
– 95 per cent of the orbits show a regular behaviour within
a Hubble time (i.e. regular + sticky orbits by our defini-
tions), with associated local stream densities that decrease
as a power law rather than the much faster exponential de-
cay associated with chaos. At the location of the Sun (bin
enclosed between 5.5 and 10.5 kpc, i.e. centered at 8 kpc),
this fraction takes a value of & 80 per cent. Comparison
with the results presented in Paper I (where only <∼ 20 per
cent of orbits could experience chaotic mixing) suggest that

Figure 3. Time evolution of the OFLI for 4410 DM particles

considered for the MW model C4 and within an interval of time

long enough to identify very sticky orbits (1000 Gyr). The upper
limit used as a threshold for regular motion is shown with a blue

solid line. The 10 Gyr threshold used to isolate sticky from chaotic

orbits is shown with a vertical dashed-blue line. The three orbital
components, i.e. regular, sticky and chaotic, can be clearly distin-

guished by using the OFLI with both simple thresholds. Notice

the logarithmic time-scale.

considering a multicomponent potential, including a central
super massive black hole, a bulge, an axisymmetric disc and
a double triaxial DM halo, does not significantly enhance
the relevance of chaos within a Hubble time. We will further
explore this in the following sections.

3.2 The relevance of baryons

In the previous section we have shown that, under the partic-
ular set up used for the multicomponent Galactic potential,
the fraction of orbits exhibiting chaotic behaviour within a
Hubble time is small in a solar neighbourhood-like volume
(<∼ 20 per cent). In this section we will explore whether dif-
ferent configurations of the baryonic components affect this
result. To increase the numerical resolution, in these experi-
ments we will analyse the orbits of the ≈ 4400 DM particles

MNRAS 000, 1–18 (2017)
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Figure 4. Orbital type distribution as a function of the bin mean

galactocentric distance value for MW model C4. Stellar particles

on chaotic orbits remain bounded under ∼ 27.45 per cent at all
galactocentric distances and below ∼ 17.51 per cent if the inner-

most bin is removed.

enclosed within a 2.5 kpc sphere centred 8 kpc from the
Galactic center of the C4 model (see Sec. 2.3)

The orbits of this subset of DM particles are first inte-
grated in a Galactic potential that only considers the double
triaxial DM halo, i.e.,

Φ
C4
MW = ΦDM2 . (15)

We will use this result as a reference to contrast against
the results obtained when the different baryonic components
of the potential are introduced. Recall that, as discussed in
Section 2.2, the fraction of chaotic orbits expected after in-
tegrating initial conditions that are not self-consistent with
the Galactic potential are larger than what would be ob-
tained from the corresponding self-consistent model5. The
fraction of regular, sticky and chaotic orbits in this experi-
ment are 76, 23.4 and 0.6 per cent, respectively. It is evident
that the fraction of chaotic orbits within a Hubble time is
negligible for this potential.

In Paper I we estimated the fraction of chaotic orbits
within solar neighbourhood-like volumes extracted from the
Aquarius DM-only simulations. In particular, for the DM-
only version of the simulation analysed in this section, the
fraction of regular, sticky and chaotic orbits found were
31.6, 46.6 and 21.8 per cent, respectively. It is clear that
the inclusion of baryons in the Aq-C4 simulation resulted
in a significant reduction of the chaotic orbits within solar
neighbourhood-like volumes. As can be seen from Zhu et al.
(2016, figure 8), where the shape of the main DM halo of the
DM-only and hydro simulations are compared as a function
of galactocentric distance, the addition of baryons strongly
reduces the triaxiality within the inner galactic regions.

We now integrate the same subset of orbits, now includ-
ing in the Galactic potential the two main baryonic compo-
nents, i.e.,

Φ
C4
MW = Φbul + Φdisc + ΦDM2 . (16)

5 Note that this holds true as long as the number of isolating
integrals of motion in the non self-consistent potential is the same

as in the self-consistent case.
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Figure 5. Orbital type distribution as a function of the disc to

total baryonic mass fraction (D/T ). The fraction of DM particles

on chaotic orbits is always smaller than ∼ 16 per cent.

The fractions of regular, sticky and chaotic orbits are 50.5,
34.1 and 15.4 per cent, respectively. Note that the fraction
of chaotic orbits has significantly increased with the inclu-
sion of these two components. This result shows that, while
the asymmetry of the DM halo inner parts is the source of
chaos for stellar halo particles in this solar neighbourhood-
like volume, the bulge-disc pair plays a significant role in
amplifying the occurrence of chaotic motion. As we show in
what follows, this is due to a significant enhancement of the
asymmetry between the inner and outer Galactic potential.

To study the impact of these chaos amplifiers, we repeat
the latter experiment, now varying the masses of both bary-
onic components while keeping the total mass of the pair
constant. The results are shown in Fig. 5, where D/T is the
disc to total baryonic mass fraction.

Comparison with the result obtained considering the
potential given by Eq. (16), shows that associating all the
baryonic mass to the galactic bulge (D/T = 0) results in a
reduction of the fraction of sticky and chaotic orbits; 11.6
and 3.5 per cent, respectively. The addition of this massive
spherical bulge component, which dominates the potential
in the inner Galactic region, reduces the impact of the in-
ner triaxial shape of the underlying DM halo on the orbital
distribution.

Interestingly, as the values of D/T increase, both chaotic
and, more strongly, sticky orbital fractions increase. While
the fraction of chaotic orbits reaches a maximum of ∼ 16 per
cent for values of D/T & 0.3, the fraction of sticky orbits
continues to grow to values of ∼ 35 percent at D/T = 1 (all
the baryonic mass is associated to the disc). As opposed to
the spherical bulge, the disc strongly amplifies the effects of
this mild oblateness of the inner triaxial DM halo potential.
The minimum fraction of regular orbits is found for values
of D/T = 1, i.e. 50.4 per cent. None the less, it is important
to highlight that, despite the redistribution of the baryonic
mass in the pair bulge-disc, the fraction of orbits that ex-
hibits a chaotic behaviour within a Hubble time is always
smaller than ∼ 16 per cent.

In the next section we characterize the impact that dif-
ferent galactic formation histories may have on our chaotic
orbital fraction estimates.

MNRAS 000, 1–18 (2017)
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3.3 The impact of formation history

In the previous section we showed that, even though the
inclusion of the baryonic component in our simulated Galaxy
results in a reduction of the triaxiality of the inner DM halo,
the addition of the disc enhances the asymmetry between
the inner (r <∼ rs) and the outer overall Galactic potential
(r > rs). As a consequence, the fraction of chaotic orbits
remains consistent with that obtained from strongly triaxial
DM potentials associated with DM-only simulations.

Our results were based on a single numerical model,
namely C4. Thus, in this section we will explore whether
differences in shapes and masses of the different galactic
components, originating as a consequence of different for-
mation histories, have an effect on our previous results.

As discussed in Section 2.1, here we consider a subset
of six simulations from the Auriga project. Recall that our
analytic Galactic potentials do not account for the effect of
Galactic bars. Thus, these simulations were selected to not
show strong bars at z = 0.

The Galactic potential of each Auriga galaxy is mod-
elled considering Eq 1. The values of the parameters that
describe the potentials are given in Tables 1 and 2. With
these parameter sets, a good agreement between the analytic
and the numerical velocity curves of the models is obtained.
Comparison between the triaxiality of the inner and outer
DM haloes reveals a significant diversity in the asymmetric
shape of this Galactic component.

From each simulated Galaxy, stellar particles located
within a sphere of 5 kpc radius centred at a distance of
2.65 × εs

Au−i are selected (see Sec. 2.3). Since we are inter-
ested in studying the efficiency of chaotic mixing in erasing
local signatures of accretion events, in this section we will
only consider accreted stellar particles (i.e. stellar particles
that were born within the potential wells of accreted satellite
galaxies). Note however that our results are not significantly
modified when in-situ stellar populations are taken into ac-
count. As before, orbits are integrated for 1000 Gyr, with an
integration timestep of 1 Myr.

The results of this analysis are summarized in Fig. 6
where we show with a normalized histogram and for each
Auriga Galaxy model, the fraction of regular (black), sticky
(green) and chaotic (red) orbits. The model with the smallest
fraction of regular orbits is Au-19 (∼ 53.2 per cent). Interest-
ingly, this model contains the most triaxial DM halo among
the Auriga galaxies, with inner and outer triaxiality parame-
ters (defined using the inner and outer principal axial ratios)
of Tinner = 0.160 and Touter = 0.399, respectively. On the other
hand, the Auriga model with clearly the largest fraction of
regular orbits is Au-16. Its associated DM halo potential has
a nearly perfect oblate shape, with triaxiality parameter val-
ues in the inner and outer regions of Tinner ∼ Touter ∼ 0.02.

As expected, the fraction of regular orbits in each po-
tential shows a dependence on the degree of asymmetry of
the corresponding DM halo. This is more clearly seen in
Fig. 7, where we show the fraction of regular (black solid
squares), sticky (green open squares) and chaotic (red open
dots) orbits in each Auriga model, as a function of an av-
erage triaxiality parameter, Tmean = (Tinner + Touter)/2. Notice
how the fraction of regular orbits steadily decreases as Tmean
increases. This highlights that once the bulge-disc pair is
taken into account, for values of D/T & 0.3, the dominant
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Figure 6. Orbital type distribution for the six Auriga models.

The fraction of accreted stellar particles on chaotic orbits is high-

est for model Au-19, ∼ 16.6 per cent.
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Figure 7. Orbital type distribution as a function of an average

triaxiality parameter (Tmean). The fraction of stellar particles on
chaotic orbits is always smaller than 17 per cent.

factor determining the fraction of regular orbits is the over-
all triaxiality of the underlying DM halo. None the less, in
all cases, and independently of the properties of the analysed
potential models, we find that the fraction of orbits exhibit-
ing a chaotic behaviour within a Hubble time is smaller than
17 per cent.

4 GLOBAL DYNAMICS AND DIFFUSION

As shown in the previous section, a small but non-negligible
fraction of stellar halo particles in solar neighbourhood-like
volumes could indeed exhibit chaotic mixing. This fraction
is comparable to the one found in Paper I, but now taking
into account the contribution from both the DM and bary-
onic components to the overall galactic potentials. In what
follows we will discuss the extent to which such mixing can
erase kinematic signatures of early accretion events within
galactic regions such as the solar neighbourhood and phys-
ically relevant periods of time. In this direction, we give a
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theoretical framework and approximate the potential model
as a near-integrable one, i.e. a fully integrable one plus a
“small” perturbation in order to gain some insight on the
expected result. Thus, by chaotic diffusion, roughly speak-
ing, we mean the time variation of the prime integrals of
the integrable potential when it is acted upon by a small
non-integrable perturbation.

4.1 Approximating the galactic potential within
solar neighbourhood-like regions

The potential ΦDM2 given in Eq. (6) in terms of the “bi-
triaxial” radius defined in Eq. (10) admits, for r ′p < rs (both
quantities introduced in Section 2.2.4), the power series ex-
pansion:

ΦDM2 = −
A
r ′s

∞∑
n=1

(−1)n+1

n

(
r ′p
rs

)n−1

, (17)

so it is analytic everywhere, and the condition r ′p < rs implies
that r < rs, which holds for local volumes around the Sun.

Under the above assumption, the ratio r ′p/rs could be

expanded as a power series and, retaining terms up to r2
i /r

2
s

and ri ro/r2
s , it can be written as:

r ′p
rs
≈ ri

rs

(
1 +

ro − ri
rs

)
. (18)

Again, the relationship between these radii follows from their
definitions given in Section 2.2.4.

Taking into account the values of the ratios of the prin-
cipal axes describing the ellipsoidal inner and outer regions
of the DM halo (MW model C4 in Table 2), we introduce
the small parameters:

ε1 =
a2

b2 − 1, ε′1 =
a′2

b′2
− 1 , (19)

ε2 =
a2

c2 − 1, ε′2 =
a′2

c′2
− 1 .

Recalling that a′ ≈ a ≈ 1 (1.07 and 1.02 respectively),
introducing spherical coordinates (r, ϑ, ϕ), retaining terms up
to r ′p/rs in Eq. (17) and neglecting those of second order in
the parameters defined in Eq. (19), the quadrupolar approx-
imation to Eq. (17) takes the form:

ΦDM2 ≈ φ0
DM2(r) + V(r) {α1(r) cos 2ϑ + α2(r) [ cos 2ϕ−

0.5 cos 2(ϑ + ϕ) − 0.5 cos 2(ϑ − ϕ) ]} , (20)

where

Φ
0
DM2(r) =

Ar

2r2
s

[
1 +

ε1
8
+
ε2
4
+

r
4rs

(
δε1
2
+ δε2

)]
, (21)

V(r) = Ar

8r2
s

, (22)

α1(r) = ε2 −
ε1
2
+

r
rs

(
δε2 −

δε1
2

)
, (23)

α2(r) = −1
2

(
ε1 +

r
rs
δε1

)
, (24)

with δεi = ε
′
i − εi , the amplitudes αs are then assumed to be

small.
As far as our analysis concerned, the contribution of the

disc component, Eq. (5), to the overall potential is essentially

spherical due to the smallness of the z-values around the
position of the Sun. Then, neglecting terms of O(z2/r2), it
can be well approximated by the expression:

Φ
0
disc(r) = −

D√
r2 +

(
εs
disc + ε

h
disc

)2
. (25)

As we have already mentioned (Section 2.2), the exponential
disc is approximated with the superposition of three different
MN models, so the above approximation still holds in case
of an exponential profile.

Summarizing, the central part of the Galactic potential
can be written as:

Φ
0
MW = Φnuc + Φbul + Φ

0
disc + Φ

0
DM2 , (26)

which yields the following expression for the total (approxi-
mated) potential:

ΦMW(r, ϑ, ϕ) ≈ Φ0
MW(r) + V(r){α1(r) cos 2ϑ + α2(r) [cos 2ϕ−

0.5 cos 2(ϑ + ϕ) − 0.5 cos 2(ϑ + ϕ)]} . (27)

In Eq. (27) the angular dependence of the potential, at
this order, only comes from the DM halo.

In Paper I we have already provided a theoretical back-
ground for chaotic diffusion, so here we restrict the discus-
sion to this model. The Hamiltonian associated to Eq. (27)
can be written as:

H(p, r) = H0(p, r, ϑ) + Φ̂1(r) , (28)

with

H0(p, r, θ) =
p2
r

2
+

p2
ϑ

2r2 +
p2
ϕ

2r2 sin2 ϑ
+ Φ0

MW(r) , (29)

and

Φ̂1(r) = V(r){α1(r) cos 2ϑ + α2(r) [cos 2ϕ−
0.5 cos 2(ϑ + ϕ) − 0.5 cos 2(ϑ + ϕ)]} , (30)

where

pr = Ûr, pϑ = r2 Ûϑ , pϕ = r2 Ûϕ sin2 ϑ . (31)

Therefore, H0 is an integrable Hamiltonian, since:

H0 = E0 , Lz = pϕ , L2 = p2
ϑ + p2

ϕ csc2 ϑ , (32)

are the three global integrals, while Φ̂1 can be considered
as a small perturbation. The terms in Φ̂1 that depend on
(ϑ, ϕ) break the spherical symmetry leading to variations
in the modulus of the total angular momentum and its z-
component:

dL2

dt
= [L2,H] = −2pϑ

∂Φ̂1
∂ϑ
−

2pϕ
sin2 ϑ

∂Φ̂1
∂ϕ

, (33)

dLz
dt

= [Lz,H] = −
∂Φ̂1
∂ϕ

, (34)

which are of order αs. These small variations of |L | and
Lz within chaotic domains would lead to chaotic diffusion.
For instance, in those regions where stickiness is strong,
the changes ∆|L |, ∆Lz over a given timespan T would be
very small and thus, though the dynamics is chaotic, almost
stability can be assumed for time-scales τ ∼ T . Instead, in
other domains of phase space, large values of ∆|L | and ∆Lz
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Figure 8. Ranges in |L | and Lz for the whole set of 1171 stellar
particles (black dots) of the Aq-C4 simulation. In red, we highlight

the areas of the plane considered in the experiments.

could be observed over the same timespan, diffusion becom-
ing significantly faster so that chaotic mixing would be ef-
ficient over τ <∼T . In other words, chaos is a necessary but
not sufficient condition for diffusion. Therefore, diffusion ex-
periments would be required to obtain reliable information
about the stable/unstable character of the motion within
chaotic domains, as shown, for instance, in Paper I and in
Mart́ı et al. (2016), for the case of planetary dynamics. No-
tice that the approximation to the galactic potential given by
Eq. (27) is derived and used just for the theoretical discus-
sion regarding chaotic diffusion delivered in the next section.

4.2 The actual relevance of chaotic diffusion

In this direction, we accomplish a global picture of the
dynamics in the angular momentum space by computing
a dynamical indicator for a large set of initial conditions
around the position vector of the Sun x� and on a given
energy surface. For this purpose, and adopting (x�, y�, z�) =
(8, 0, 0) kpc, we take the mean value of the energy distribu-
tion of the 1171 stellar particles located within a 15◦ wedge,
oriented along the disc semi-major axis and with galactocen-
tric distances between 5.5 and 10.5 kpc (second bin, centered
at 8 kpc in Fig. 4) in the Aq-C4 simulation (see also Sec-
tion 2.3 for further details on the initial distribution of the
conditions), namely 〈E〉 = h ' −164803 km2 s−2 (such energy
surface is computed with our analytic and static represen-
tation of the galactic potential). Then we sample a domain
in the (|L |, Lz ) plane with a grid chosen such that, in both
dimensions, nearly 80 per cent of the corresponding stellar
particles are encompassed (notice that actually, for the sake
of symmetry, only the ≈ 40 per cent in the Lz-direction needs
to be accounted for). Fig. 8 displays in red the region on the
(|L |, Lz ) plane considered for the current dynamical study,
and also shows, as black dots, the values corresponding to
the Aq-C4 stellar particles.

The left panel of Fig. 9 displays an OFLI map for a
grid of 121224 equidistant initial conditions in the plane
(log(L2), Lz ) which have been integrated over a timespan of
10 Gyr in order to obtain the concomitant value of the chaos
indicator. The solid black line in the colour bar shows the

threshold used to distinguish regular from chaotic motion.
In general, cool colours represent regular motion whereas
warmer ones indicate chaotic motion.

The resulting global dynamical portrait for this time-
scale reveals the prevailing regular character of the motion
in the angular momentum space. In fact, just a few invari-
ant manifolds and narrow resonances are detected. Let us
recall that the most relevant invariant manifolds separate
different orbital families, the large resonance domains. In-
deed, the region with smaller values of |L | and Lz corre-
sponds to the box family while the tube orbital family has
|L | & 1750 kpc km s−1, Lz & 1000 kpc km s−1. The light blue
arc arising from |L | ≈ 1750 kpc km s−1, Lz = 0 corresponds to
the separatrix (actually the chaotic layer), that separates
both orbital families. Meanwhile, rather small high-order
resonances show up as thin channels all over the angular
momentum space. This web of resonances is known as the
Arnold web.

In sum, notice should be taken that the phase space is
mainly covered by regular orbits for the considered times-
pan. Consequently, chaos is almost irrelevant after an evo-
lution of 10 Gyr, even though the perturbation is not negli-
gible for the C4 MW model, being α1 ∼ 0.1, α2 ∼ −0.03 for
local solar neighbourhood-like volumes. In this case, as al-
ready mentioned, the fraction of phase space corresponding
to chaotic motion is small but non-negligible and amounts
to ' 25.57 per cent.

In order to detect any diffusive phenomena or chaotic
mixing in the present model, a larger time-scale should
be considered. Therefore, though without direct physical
significance, we obtained the OFLI map corresponding to
100 Gyr, which is displayed in the right panel of Fig. 9. Such
a map discloses chaotic motion that still appeared as regular
at 10 Gyr, mainly due to stickiness. Indeed, the map reveals
that the thin chaotic layer separating box and tube families
already discussed, now at 100 Gyr appears wider with large
OFLI values, depicted in red. Moreover other resonances also
show up as highly chaotic and the Arnold web is seen to oc-
cupy a considerable region in phase space which amounts to
almost 60 per cent of the integrated orbits. The presence of a
connected chaotic region of noticeable size would forecast a
secular variation of the unperturbed integrals (|L |, Lz ), which
would lead to the uprising of fast diffusion.

Let us say that we are also interested in determining
the time-scale for chaotic diffusion to take place. Therefore,
following a similar approach to that presented in Paper I, we
investigate diffusion over the (|L |, Lz) plane, for a given en-
ergy surface, ĥ, within a small sphere in configuration space,
|x − x� | < δ. In this way we reduce the motion to an almost
two dimensional section defined by:

S =
{
(|L |, Lz ) : |x − x� | < δ, H = ĥ

}
. (35)

For our diffusion studies, we take ensembles of Np = 106

tracer particles sampled uniformly in boxes of size ∼ 10−6 in
both |L | and Lz . The centres of these boxes, whose highly
chaotic nature has been revealed by the OFLI indicator are
listed in Table 3. We integrate the equations of motion for
each initial condition taking into account the full potential
given by Eq. (13) over some timespan T , and every time
the orbits of the ensemble intersect S, we retain the corre-
sponding values of |L |(t) and Lz (t). For ensembles located
in stable regions both unperturbed integrals slightly vary,
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Figure 9. OFLI maps for 10 (left panel) and 100 (right panel) Gyr for the C4 MW model for (x�, y�, z�) = (8, 0, 0) and ĥ ' −164803 km2

s−2. The solid black lines in the colour bars show the threshold used to distinguish regular from chaotic motion. Warm colours indicate

chaotic motion while cool colours represent regular motion. The Arnold web is mostly unveiled and, as we can see from the warm colours

on the right panel, it covers a considerable domain in phase space.

Table 3. Ensembles of 106 initial conditions sampled uniformly

in boxes of size ∼ 10−6 in both |L | and Lz , whose centres, given

in the table, correspond to chaotic orbits. The units in L and Lz

are kpc km s−1.

Ensemble |L | Lz

(i) 562 500
(ii) 1122 900

(iii) 1820 50
(iv) 861 50

(v) 1413 700

being |∆|L |(t)|, |∆Lz (t)| � 1, so that practically no evolution
in the angular momentum plane should be observed. In fact,
the small variations in |L |, Lz arise as a consequence of the
system being no longer spherical. For ensembles immersed
in chaotic domains instead, if no barriers to diffusion are
present, both unperturbed integrals are expected to change
with time and the trajectory over S would provide an indi-
cation of actual diffusion.

Further, let us remark that the number of intersections
of a given trajectory with S strongly depends on the stability
of the motion. In fact, in the case of stable regular motion,
since the orbit lies in a three dimensional torus, S is a slice of
it and thus many crossings would occur. On the other hand,
in the case of an unstable chaotic orbit, no tori structure
exists and thus only a few intersections with S are expected.
So much that in the considered ensembles, which correspond
to highly chaotic motion, no crossings are observed during
the first 20 Gyr.

Moreover, taking into account the sticky character of
most orbits, long timespans should be considered. Indeed,
such stickiness could vary for slightly different values of the
model parameters, thus leading to rather different results.
Therefore, in order to overcome the possible effect of sticky
phenomena, long-term diffusion experiments have been car-
ried out, which are described straight away.

The top left panel of Fig. 10 shows how ensemble (i)
evolves with time in action space. Diffusion is seen to pro-

ceed along the stochastic layer separating box from tube
orbits. Let us point out the geometrical resemblance of the
observed diffusion with the one that would be expected from
the Arnold’s theoretical conjecture, which forecasts that dif-
fusion would proceed through phase space along the chaotic
layers of the full resonance web. However, and since the
perturbation is not sufficiently small, the detected diffusion
should be interpreted as a consequence of the resonances’
overlap. Even though fast diffusion could take place in such
a scenario, this event does not occur at all, as follows from
our numerical experiments.

To stress this fact we turn to the time evolution of en-
semble (ii) shown in the top right panel of the same figure
during 40 Gyr. Therein, we recognize that the unperturbed
integrals remain confined to a very small domain, even for
a rather large timespan, diffusion neatly spreading over the
unperturbed separatrix discriminating box from tube orbits.
This still applies when far larger time-scales are considered.

The wandering onto the resonance web of the unper-
turbed actions, |L | and Lz corresponding to the third ensem-
ble is displayed in the middle left panel of Fig. 10. In this
particular case, only three intersections with S are observed
up to 40 Gyr so that a larger timespan needs to be covered.
Indeed, after 70 Gyr we notice that diffusion advances along
the outermost edge of the stochastic layer, near the bottom
of the figure, and climbs up over the entangled assemblage of
stable/unstable manifolds associated to different high order
resonances.

For ensemble (iv) instead, already at 40 Gyr some vari-
ation of the unperturbed integrals is seen to occur, as the
middle right panel of Fig. 10 displays. For an even larger
time-scale, say 70 Gyr, the ramble in action space breaks
through the innermost region of the resonance interweave.

The bottom panel of Fig. 10 shows how diffusion pro-
ceeds for the ensemble (v). The successive intersections of
the trajectories with the section S in action space adroitly
diffuse along the layer discriminating box from tube orbits,
also after a rather long time-scale since up to ∼ 40 Gyr no
crossings take place.

We should note that the considered ensembles, except
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Figure 10. Top left panel: diffusion over 40 Gyr for ensemble (i) of initial conditions (depicted in green) superimposed on the Arnold
web. Top right panel: diffusion over 40 Gyr for ensemble (ii) of initial conditions (also depicted in green) superimposed on the Arnold

web. The unperturbed integrals remain confined to a rather small domain, revealing that diffusion turns out to be mostly inefficient.

Middle left panel: long-term diffusion over 70 Gyr for ensemble (iii) of initial conditions (in green) overplotted on the Arnold web. Middle
right panel: drift of the unperturbed integrals over 40 Gyr for ensemble (iv) of initial conditions (in green) superimposed on the Arnold

web. Bottom panel: long-term diffusion over 70 Gyr for ensemble (v) of initial conditions (in green) overplotted on the Arnold web.

for the one denoted by (iv), were picked up very close to
the main unstable region, that is the chaotic layer that sep-
arates box from tube families. From the above results, it
turns out that the largest variation of the integrals corre-
sponds to ensemble (v), being ∆|L | . 800 kpc km s−1 over
τ = 70 Gyr so that a mean rate of variation could be es-
timated as ∆|L |/τ . 11.5 kpc km Gyr−1 s−1, which is actu-

ally rather small (for instance, on the left panel of Fig. 7
in Gómez et al. 2013b, a resolved stream is shown with a
typical extension of more than 500 kpc km s−1 in Lz).
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5 DISCUSSION AND CONCLUSIONS

Stellar streams are the living records of galactic accretion
events. Therefore, their identification as kinematically cold
substructures is of key importance for galactic archaeology.
Much effort has been devoted to locate such fossil signatures
in the outer stellar halo, where typical dynamical time-scales
are long enough to preserve this structure in a spatially co-
herent fashion. Several streams have indeed been identified
and studied in great detail within these regions (Ibata et al.
1994, 2001a,b; Odenkirchen et al. 2001; Ibata et al. 2003;
Majewski et al. 2003; Belokurov et al. 2006a,b, 2007; Mar-
tin et al. 2007)6. On the other hand, in the inner stellar halo,
and particularly around the solar neighbourhood (where in-
formation about the most ancient accretion events is ex-
pected to be stored, Helmi & de Zeeuw 2000; Johnston et al.
2008; Gómez et al. 2010), identifications of stellar streams
are far less numerous, even though theoretical models pre-
dict hundreds of them (Helmi & White 1999; Helmi et al.
1999, 2003, 2006). Furthermore, the extragalactic origin of
some of these substructures has not been proved conclu-
sively yet (see Smith 2016, for a full discussion and references
therein). The ammount of substructure present in the solar
neighbourhood’s phase space distribution is subject to sev-
eral factors. It has been often argued that the low identifica-
tion rate may be mainly due to the lack of an accurate and
large enough full phase space stellar catalog. Within 2018
Gaia–DR2 will be released and a robust quantification of
substructure within the extended solar neighbourhood will
become feasible for the first time.

In addition to the previous astrometric limitations, an-
other relevant factor playing a role for the quantification of
stellar streams are the active sources of chaos, which can
trigger chaotic mixing within relevant time-scales. As dis-
cussed in Paper I, thanks to the asymmetric nature of the
underlying gravitational potential, a fraction of the local
stellar streams is expected to be evolving on chaotic orbits.
Chaos, in the Lyapunov sense, indicates exponential diver-
gence of initially nearby orbits in phase space. Dynamical
time-scales in the inner regions of the Galaxy are relatively
short. Thus, a group of initially close-by stars in phase space,
evolving on chaotic orbits, would experience a very rapid
mixing. More importantly, regions filled with chaotic orbits
can foster chaotic diffusion, which effectively erases the ‘dy-
namical memory’ imprinted in all phase space and results
in a smooth distribution function. The detection of stellar
streams could be seriously threatened if such chaotic orbit
are indeed very common (Gould 2003; Pearson et al. 2015;
Hattori et al. 2016; Price-Whelan et al. 2016a,b; Erkal et al.
2017).

In Paper I we explored whether chaos could indeed be
playing a significant role in eroding substructure in the so-
lar neighborhood phase space distribution. The experiments
carried out in that work strongly suggested that this would
not be the case. Only a very small fraction of the orbits
within solar neighbourhood-like volumes exhibit chaotic be-
haviour within a Hubble time. Diffusion did not have enough
time, even in those cases. However, that study was based on

6 For a recent and very complete list of stellar streams in the
Galactic halo we refer the reader to Grillmair & Carlin (2016,

table 4.1).

dark matter only simulations, which completely neglected
the role of the baryonic component.

In this second paper we re-examined the problem using
a significantly more realistic set up to model the Galactic
stellar halo. We used a suite of seven state of the art fully
cosmological hydrodynamic zoom-in simulations of the for-
mation of Milky Way-like galaxies (Section 2.1), to extract
values of the parameters that describe our analytic potential
models and to sample realistic phase space distributions of
different volumes. The Galactic potential was modelled with
a new analytic and static representation: a multicomponent
model that accounts for the effect of both the baryonic and
dark matter components (Section 2.2). We integrated the
equations of motion, coupled with the first variational equa-
tions, using the different sets of cosmologically motivated
initial conditions (Section 2.3) and computed, for each or-
bit, the Orthogonal Fast Lyapunov Indicator, OFLI (Sec-
tion 2.4). This chaos indicator allowed us to robustly clas-
sify the orbits of our stellar and dark matter particles into
three different components: regular, sticky and chaotic (Sec-
tion 2.5). Their distinction is of pivotal importance due to
the fact that the time evolution of the rate at which the lo-
cal (stream) density around such a given particle decreases
is completely different. In case of regular orbits, they are as-
sociated with a rate that follows a power law in time, while
chaotic orbits have an exponential one (Helmi & White 1999;
Vogelsberger et al. 2008; Gómez et al. 2013b, and Paper I).
Sticky orbits, on the other hand, are not so easily defined.
They behave as regular orbits for a given period of time to
change their orbital character afterwards. Following Paper I,
we used an arbitrary but physically relevant period of time
threshold to differentiate between sticky and chaotic orbits:
10 Gyr (roughly a Hubble time).

Our results show that, at all galactocentric distances,
≈ 70 − 95 per cent of the orbits considered show a regular
behaviour within a Hubble time. In particular, around the
location of the Sun this fraction takes an average value of &
80 per cent (Section 3.1 for details). This holds true indepen-
dently of the way the total baryonic mass is re-distributed
within the bulge-disc pair (Section 3.2) and, more impor-
tantly, the galactic formation history (Section 3.3). The low-
est percentages of chaotic orbits is obtained for models Au-
16 and Au-21 (∼ 2 and ∼ 9 per cent, respectively), where
the shape of the dark matter haloes is oblate across all their
extension.

We performed a detailed study of the efficiency of
chaotic diffusion based on first order perturbation theory.
The numerical experiments presented in Section 4.2 showed
that diffusion, the most critical mixing process, has a time-
scale that by far surpasses the Hubble time. As we find from
our most diffusive experiments, the largest measure of the
relative diffusion rate barely amounts to ∼ 0.01Gyr−1.

Comparison with the results presented in Paper I sug-
gests that considering a multicomponent representation of
the galactic potential does not significantly enhance the rel-
evance of chaos or chaotic diffusion in local halo stars within
a Hubble time. Instead, we find evidence that there is a di-
rect connection between the amount of chaos found in the
local stellar halo and the triaxiality of the underlying dark
matter halo. It remains to be studied whether an accurate
estimation of the amount of chaotic motion in halo stars
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could be used to constrain the shape of the underling dark
matter halo potential.

Our results reinforce the idea that chaotic mixing is
not a significant factor in erasing local signatures of accre-
tion events, which is in very good agreement with previ-
ous theoretical predictions. However, fundamental caveats
still persist and should be addressed in follow-up works.
For instance, our models are a superposition of not only
smooth but also static potentials, and substructure (such
as dark matter subhaloes: Ibata et al. 2002; Carlberg 2009;
Yoon et al. 2011; Carlberg 2015; Erkal & Belokurov 2015a,b;
Erkal et al. 2016; Ngan et al. 2016; Erkal et al. 2017) as well
as time-dependence (Manos et al. 2013; Manos & Machado
2014; Hattori et al. 2016; Machado & Manos 2016; Monari
et al. 2016; Price-Whelan et al. 2016b; Erkal et al. 2017;
Pearson et al. 2017, and references therein) could enhance
the efficiency of diffusion in phase space (Peñarrubia 2013).
It is worth noticing that sources of noise, such as scatter-
ing by short-scale irregularities, or periodic driving given by
external coupling can, indeed, enhance the diffusion rate of
sticky orbits (see Habib et al. 1997; Kandrup et al. 2000;
Siopis & Kandrup 2000; Kandrup & Sideris 2003; Kandrup
& Siopis 2003, and references therein). Nevertheless, within
the local sphere, previous studies that focus on evaluating
the degree of substructure in solar neighbourhood like vol-
umes, considering the evolution of the Galactic potential in
a cosmological context, have suggested that this variation
may not be responsible for any major substructure erosion
(e.g. Gómez et al. 2013b). Furthermore, as previously dis-
cussed in Paper I, it is unlikely that the inner parts of the
Galactic potential have changed significantly during the last
∼ 8 Gyr. The validity of these assumptions will be explored
in detail in our forthcoming work.
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